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Abstract

We study, within the positive-tension, two-sided, Z2-symmetric Randall–Sundrum model
(RS2), the precise sense in which the instantaneous state of a brane observer fails to deter-
mine its own future, and the precise sense in which that failure can and cannot be detected.
Selecting RS2 is an additional physical postulate; nothing below derives it. For a brane
of tension λ > 0 with five-dimensional coupling κ25, bulk cosmological constant Λ5, induced
metric qµν , and brane stress tensor Tµν , the Israel condition and the Gauss–Codazzi identity
give the exact projected equation Gµν [q] + Λ4qµν = κ24Tµν + CRS

µν with CRS
µν = κ45Πµν −Eµν ,

where Πµν is quadratic in Tµν and Eµν is the electric projection of the bulk Weyl tensor.
We construct an explicit gauge-inequivalent pair of bulk data with identical brane read-
out and different brane futures, proving that the source evolution admits no deterministic
quotient flow on the instantaneous brane Cauchy state over the full RS2 source domain.
We then evaluate the projection exactly in the homogeneous Friedmann sector, obtaining a
positive ρ2 term and a bulk-state-dependent dark-radiation term µ/a4. In the linear weak-
field sector the Gaussian/Schur-complement elimination of the bulk is exact at linear tree
level; evaluating the resulting response asymptotically for r ≫ ℓ — a controlled expan-
sion, not an exact closed form at arbitrary distance — gives the long-distance potentials
Φ = −G4M

r (1 + 2ℓ2

3r2 + · · · ) and Ψ = −G4M
r (1 + ℓ2

3r2 + · · · ). Eliminating the common AdS
radius ℓ between the two regimes yields the parameter-free cross-regime relation AΨ = 1

2AΦ,

B =
κ4
4

24AΦ =
κ4
4

12AΨ, where H2 ⊃ Bρ2 and AΦ, AΨ are the leading 1/r3 potential coeffi-
cients. Violation falsifies minimal RS2; agreement at a nonzero value is a parameter-saving
cross-regime success but does not falsify a four-dimensional theory that treats the three
coefficients as independent. Finally, an elementary pushforward lemma fixes the exact inter-
pretive boundary: for every brane-only protocol, including adaptive ones, the induced Tier-1
history law reproduces the RS2 record distribution exactly, and in RS2 this obstruction is
realized concretely by the four-dimensional gravity-plus-CFT description, which reproduces
the same 1/r3 residue. The result is therefore positive at the level of model-relative projec-
tion and nonclosure, and negative at the level of unrestricted ontological discrimination.
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1 Introduction

1.1 The physical problem

A brane observer in a braneworld model has direct access to the induced metric on the brane
and to the matter fields confined there. Gravity, however, propagates in the bulk. Two questions
immediately arise, and they are logically independent.

The first is a question about states. Does the instantaneous brane data — induced three-
metric, its brane-intrinsic extrinsic curvature, and matter Cauchy data — determine the subse-
quent brane history? If not, the brane state is incomplete relative to brane evolution: there exist
bulk configurations, physically distinct after every gauge identification has been made, which
look identical now and diverge later.

The second is a question about theories. Suppose the answer to the first question is negative.
Does it follow that a brane observer could, even in principle, discover that the world is five-
dimensional? This does not follow, and the distinction is the central logical point of this paper.
Failure of a deterministic flow on the instantaneous state is not failure of every brane-only
history law. Any source theory, pushed forward through any readout map, defines a brane-
only stochastic process with exactly the correct statistics; that process is generally nonlocal,
non-Markovian, and state-dependent, but it is a complete theory of brane records.

We answer both questions inside the specific model that makes them sharpest.

1.2 Contributions

1. An explicit same-readout witness. We exhibit two linearized RS2 source data sets which
agree exactly on the instantaneous brane readout, are not related by any five-dimensional
diffeomorphism (their gauge-invariant Weyl curvature differs), and whose brane futures dif-
fer. Existence of such data is proved, not asserted, by an explicit Kaluza–Klein spectral
construction using the positivity of the brane spectral weight um(0)2. This establishes failure
of deterministic projectability of the source flow onto the instantaneous brane Cauchy state,
over the full RS2 source domain (Section 3, Theorem 12.1 part 1). The result is conditional
on that source domain: if the model is defined to admit only the stationary vacuum bulk
state, the witness lies outside the domain (Section 15, item 1).

2. Derivation, not quotation, of the projected equation. Section 4 carries out the Israel
matching and Gauss–Codazzi projection in full, including all coefficients, signs, and dimen-
sions, and derives the Bianchi/nonclosure relation ∇µEµν = κ45∇µΠµν , which constrains the
divergence of Eµν but not its transverse-traceless content.

3. Complete evaluation in two regimes. The homogeneous sector (Section 5) is evaluated
exactly. In the linear weak-field sector (Section 6) two distinct claims must be kept apart:
the Gaussian/Schur-complement elimination of the bulk is exact at linear tree level, whereas
the resulting metric potentials (75) are a controlled asymptotic evaluation valid for r ≫ ℓ and
not an exact expression at arbitrary distance. Brane bending is treated explicitly throughout.

4. A parameter-eliminated cross-regime relation. Eliminating ℓ between the two regimes
gives AΨ = AΦ/2 and B = κ44AΦ/24 (Section 7). We claim no literature priority for this alge-
braic elimination; the two input results are established. Its content is a falsifiable, parameter-
free link between two otherwise independent observational sectors.

5. An exact operational-discrimination boundary. Section 11 gives the classical push-
forward lemma — whose proof is immediate, and whose value is interpretive rather than
technical — together with its quantum process-tensor and closed-time-path forms, and states
exactly what is and is not excluded (Section 12).
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1.3 Relation to established results, and this paper’s contribution

The physical inputs used below are established results and are credited as such. The RS2 model
and its tuning are due to Randall and Sundrum [1]. The junction condition is Israel’s [3], and
the projected brane equation with Πµν and Eµν is that of Shiromizu, Maeda, and Sasaki [2]. The
brane Friedmann equation with its ρ2 and µ/a4 terms is due to Binetruy, Deffayet, Ellwanger,
and Langlois [4] and Mukohyama [5, 8]. The linearized brane propagator, the KK spectral
weight, the brane-bending treatment, and the long-distance potentials are due to Garriga and
Tanaka [6] and Giddings, Katz, and Randall [7]. The four-dimensional CFT reproduction of the
1/r3 residue is due to Duff and Liu [9] and related work [10, 18]. The influence-functional [12],
Mori–Zwanzig [13], and process-tensor [14] formalisms are standard.

The distinctive contribution of this paper is their integration into a single proved chain.
Concretely, we establish that

same instantaneous brane state ̸⇒ same brane future, (1)

by way of

explicit gauge-reduced bulk witness + CRS
µν = κ45Πµν − Eµν

+ parameter-eliminated cross-regime relation + exact operational-discrimination boundary.
(2)

The projected equation and the weak-field and cosmological inputs are established physics; what
is new here is the rigorous combined source/readout argument [21–26], the explicit spectral
construction of the same-readout witness, the cross-regime algebraic synthesis, and the exact
statement of its interpretive boundary. We make no literature-priority claim for the coefficient
elimination itself.

1.4 Scope, and what is not claimed

RS2 is not derived from any prior structure; its selection is a physical postulate. Nothing below
shows that our universe is a projection. The cross-regime relation does not prove five-dimensional
ontology: Section 10 exhibits a four-dimensional realization of the same weak-field residue, and
Section 11 proves that no brane-only experiment can do better. The KK branch cut excludes
only a pre-specified finite-pole free or tree-level linear alternative, not every local interacting
four-dimensional theory. The long-distance weak-field expansion is not valid at r ≲ ℓ, and the
bulk parameter µ is not fixed without a bulk-state condition. All nine conditions on which the
positive results depend — including the bulk-state domain, the RS tuning, positive tension, the
no-flux assumption, and the detuned-brane limitation — are collected once, in Section 15, and
are not repeated elsewhere.

2 The five-dimensional source model

2.1 Action and conventions

Let (M5, gAB) be a five-dimensional Lorentzian manifold containing a timelike hypersurface Σ
(the brane). Capital Latin indices A,B, . . . run over the five dimensions; Greek indices µ, ν, . . .
are tangent to Σ; Latin i, j, . . . are spatial on a brane Cauchy slice. The signature is (−++++),
and c = ℏ = 1. The classical action is

S5[g,X, ψ] =
1

2κ25

∫
M5

d5x
√
−g5

(
R5 − 2Λ5

)
+

1

κ25

∑
±

∫
Σ
d4x

√
−q K± +

∫
Σ
d4x

√
−q

[
−λ+ Lm(q, ψ)

]
.

(3)
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Gibbons–Hawking–York terms appear on both sides of the thin brane, with the corresponding
outward normals. The embedding is XA(xµ), the tangent basis eAµ = ∂µX

A, the unit spacelike
normal nA, and

qµν = gABe
A
µe
B
ν , Kµν = eAµe

B
ν∇AnB. (4)

The sign convention for Λ5 is fixed by requiring the bulk field equation away from the brane to
read

(5)GAB + Λ5gAB = 0, (5)

so [Λ5] = L−2. The brane stress tensor is

Tµν = − 2√
−q

δ(
√
−qLm)
δqµν

. (6)

Dimensionally, [κ25] = L3, [κ24] = L2, [Tµν ] = L−4, and [Eµν ] = L−2. The brane tension appears
in (3) integrated over d4x, exactly like Lm; it is therefore a four-dimensional energy density,

[λ] = L−4, [κ25λ] = L3 · L−4 = L−1. (7)

This is consistent throughout: Kµν ∼ κ25λ has dimension L−1, as an extrinsic curvature must;
and κ24 = κ45λ/6 gives [κ24] = L6 · L−4 = L2, as required.

Varying (3) with respect to gAB gives (5) in the bulk together with the Israel junction
condition at Σ; varying with respect to XA gives the brane equation of motion, which for a
Z2-symmetric configuration is implied by the junction condition and the Codazzi identity. The
response tensor CRS

µν below is obtained from this variation; it is not introduced by hand.

2.2 Physical equivalence and the reduced source space

Definition 2.1 (Source configuration). A source configuration is a tuple

s =
(
gAB, X

A, ψ; initial and boundary data
)
, (8)

solving the five-dimensional constraints, with the brane embedded as a timelike hypersurface.

Definition 2.2 (Physical equivalence). Two source configurations are physically equivalent when
related by a five-dimensional diffeomorphism carrying the brane and its orientation to the same
physical hypersurface, composed with an internal gauge transformation of the brane matter
fields. The reduced source space is

SRS =
{(gAB, XA, ψ; data) solving the constraints}

Diff5 ⋉ Gm
. (9)

This quotient does not remove bulk transverse-traceless gravitational waves, Kaluza–Klein
continuum amplitudes, or the AdS–Schwarzschild mass parameter. Each changes gauge-invariant
five-dimensional curvature invariants, energy flux, horizon structure, or the later induced brane
metric, and hence is not pure gauge. This point is what makes the witness of Section 3 a genuine
physical distinction rather than a coordinate artifact.

2.3 The instantaneous brane readout

Choose a five-dimensional Cauchy surface C5 intersecting the brane worldvolume in a three-
dimensional surface C3.

Definition 2.3 (Tier-1 readout). The instantaneous brane readout is the map

p : SRS −→ Tbrane, p(s) =
(
γij ,Θij ; ψ, πψ

)∣∣
C3 , (10)
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where γij is the three-metric induced on C3, Θij is the extrinsic curvature of C3 regarded as a spa-
tial hypersurface within the brane worldvolume, and (ψ, πψ) are the brane matter Cauchy data.
The constraints induced from the five-dimensional equations and the matter gauge constraints
are imposed; spatial diffeomorphisms of C3 and matter gauge transformations are quotiented.

Two features of this definition matter. First, Θij records the gauge-independent first normal
derivative of the induced metric along the brane without presupposing that the brane possesses
a closed intrinsic Einstein Hamiltonian — which is exactly what is at issue. Second, the quotient
by spatial diffeomorphisms and the imposition of the constraints means that no lapse-, shift-, or
time-coordinate-dependent velocity enters, so the readout is not made noninjective by a trivial
gauge artifact.

The readout is physically motivated inside the model: standard-model matter is confined to
Σ, and local rods, clocks, detectors, and gravitational-wave interferometers respond to induced
brane fields. Bulk data can be inferred only through their subsequent influence on those fields;
they are not components of the present brane state.

Remark 2.4 (Instantaneity is essential). If the readout were redefined to include the complete
brane history for all times, any bulk distinction that changes that history would by definition
already be distinguished. The dynamical question is precisely whether the present brane state
closes under time evolution. Sections 3 and 11 answer the two versions of the question in opposite
directions, and it is essential not to conflate them.

3 A genuine same-readout bulk distinction

Linearize about the positive-tension RS2 background,

ds2 = dy2 + e−2|y|/ℓηµνdx
µdxν , Λ5 = − 6

ℓ2
, λ =

6

κ25ℓ
, (11)

which is the tuning that makes the brane worldvolume flat. After fixing five-dimensional diffeo-
morphisms, the bulk perturbation retains gauge-invariant transverse-traceless (TT) gravitational
modes.

Proposition 3.1 (Same readout, different future). Let the admissible source domain include
smooth, finite-energy TT bulk initial data. Consider

s0 : hTT
AB = 0, (12)

s1 : hTT
AB a smooth wave packet whose initial support lies a positive bulk distance from Σ,

(13)

with the packet chosen so that hTT
AB and its first time derivative vanish identically in a neighbor-

hood of the brane on the initial Cauchy surface. Then

p(s0) = p(s1), (14)

the configurations s0 and s1 are not physically equivalent in the sense of Definition 2.2, and there
exists τ > 0 with

p(Φτs0) ̸= p(Φτs1), (15)

where Φt is the source evolution flow.

Proof. Equation (14) holds because the readout (10) depends only on data at C3 ⊂ Σ and
on a neighborhood of C3 within the brane, and by construction hTT and ∂th

TT vanish there;
the induced three-metric, its brane-intrinsic extrinsic curvature, and the matter data therefore
coincide.
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The two configurations are not gauge-related. The linearized five-dimensional Weyl tensor of
s1 is nonzero on the support of the packet, while that of s0 vanishes identically. Weyl curvature is
a tensor; a diffeomorphism cannot map a configuration with vanishing gauge-invariant curvature
to one with nonvanishing curvature. Hence [s0] ̸= [s1] in SRS.

It remains to prove (15), i.e. that a packet with the stated properties exists and does even-
tually disturb the brane. This is established by an explicit spectral construction, which we now
give.

(i) The homogeneous brane boundary condition. Set the brane source in (51) to zero and
integrate that equation across the brane over y ∈ (−ϵ, ϵ). The ∂2y term gives ∂yhTT

µν

∣∣0+
0−

; the δ(y)
term gives (4/ℓ)hTT

µν (0); the remaining terms are bounded and drop out as ϵ → 0. Using Z2

symmetry, ∂yhTT
∣∣
0−

= −∂yhTT
∣∣
0+

, so(
∂y +

2

ℓ

)
hTT
µν

∣∣∣
y=0+

= 0, (16)

in the conventions of (51). This is the homogeneous RS2 boundary condition.
(ii) The mode basis. Let {um(y)} be the complete set of eigenfunctions of the transverse

operator appearing in (51), defined on the physical half-space y ≥ 0 with the homogeneous
Robin condition (16) at y = 0+ and the appropriate regularity condition in the bulk interior,
and extended to the two-sided covering space by the required Z2 reflection. The spectrum
consists of

• one normalizable discrete zero mode u0 ∝ e−2|y|/ℓ; and

• a delta-normalized generalized continuum {um}m>0 of Bessel combinations satisfying (16) and
the bulk/horizon condition.

The continuum modes are not normalizable; they are delta-normalized in the usual generalized
sense, and together with u0 they furnish a complete resolution of the identity on the relevant
space of TT bulk data [1, 6, 7].

(iii) Time-symmetric continuum data. Choose

∂th
TT
µν

∣∣
t=0

= 0, (17)

together with a nonzero smooth, finite-energy TT displacement hTT
µν

∣∣
t=0

whose support lies in
y ≥ y0 > 0 and which is orthogonal to the normalizable zero mode, so that it lies entirely in the
KK continuum subspace. Such data exist: the zero-mode overlap is a single linear functional on
the displacement, so given any two smooth profiles supported in disjoint regions of y ≥ y0 with
nonzero and unequal zero-mode overlaps, an appropriate linear combination of them annihilates
that functional while remaining nonzero, smooth, and supported away from the brane. Because
the data vanish identically in a neighborhood of the brane, all compatibility conditions at y = 0
hold trivially and the initial brane readout agrees with that of the zero solution — which is (14).
The vanishing initial velocity (17) makes the resulting solution, and hence its brane trace, even
in time.

(iv) The evolved brane trace. Expanding the data of (iii) in the basis of (ii) and in spatial
Fourier modes, and using that the zero-mode coefficient vanishes by construction while ĝµν ≡ 0
by (17), the evolved solution on the brane is carried entirely by the continuum:

hTT
µν (t,x, 0) =

∫
d3k

∫ ∞

0
dm um(0) f̂µν(m,k) cos

(√
k2 +m2 t

)
eik·x, (18)

where f̂µν(m,k) is the continuum spectral coefficient of the initial displacement.
(v) Nonvanishing coupled component. By (56),

um(0)
2 =

2

π2mℓ
[
J2
1 (mℓ) + Y 2

1 (mℓ)
] > 0 for all m > 0, (19)
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so no continuum mode is decoupled from the brane. Moreover, by completeness of the basis
of (ii) and the associated Plancherel identity, the spectral transform is an isometry onto the
direct sum of the discrete and continuum spectral spaces. Since the displacement chosen in (iii)
is nonzero and orthogonal to the discrete zero mode, its continuum spectral coefficient f̂µν is
therefore nonzero on a set of positive spectral measure.

(vi) Nonvanishing in the future. Suppose, for contradiction, that hTT
µν (t,x, 0) = 0 for every

t ≥ 0 and every x. By the evenness in time established in (iii), the brane trace then vanishes
for every t ∈ R. Fourier-transforming (18) in x, each k-component vanishes for all t. For fixed
k the map

m 7−→ ω =
√

k2 +m2 (20)

is one-to-one on m ≥ 0, so (18) is, for each k, a Fourier-cosine transform in the variable ω of
the reparameterized coefficient. Injectivity of the Fourier-cosine transform therefore forces

um(0) f̂µν(m,k) = 0 for almost every (m,k). (21)

Since um(0)2 > 0 for every m > 0 by (19), this forces f̂µν = 0 almost everywhere, contradicting
(v). Hence the brane trace is nonzero at some t = τ > 0. Because the induced brane perturbation
and the electric Weyl term Eµν on the brane are determined by that trace and its normal
derivative, (15) follows.

(vii) Causal delay. Finally, the linearized bulk equation is hyperbolic with finite propagation
speed on this background, so the brane trace remains zero until the causal future of the remote
initial support reaches y = 0. The disturbance is therefore genuinely delayed, not instantaneous,
which is exactly why the two configurations share a readout now and differ later. Together with
(vi) this establishes the required τ > 0 same-readout/different-future statement.

Corollary 3.2 (Nonprojectability). There exists no map Ut on the instantaneous brane readout
satisfying p◦Φt = Ut ◦p for all admissible source data. Moreover, for any admissible preparation
class rich enough to resolve the two witness states — for instance one containing delta prepara-
tions at s0 and s1, or any class whose members assign them different conditional future laws —
universal (strong) Markov lumpability of the readout fails as well. Nothing here asserts that a
deterministic witness by itself furnishes a stochastic experiment; that requires a preparation law.

Proof. Such a Ut would require p(s0) = p(s1) ⇒ p(Φts0) = p(Φts1), contradicting Proposi-
tion 3.1. The stochastic statement is conditional as stated: a deterministic witness does not by
itself define a stochastic experiment. It becomes a failure of lumpability once a preparation law
is specified, and (103) then defeats it because the two conditional future laws within the fiber
differ.

Remark 3.3 (Scope). Corollary 3.2 is conditional on the source domain admitting the normaliz-
able bulk radiation used in the construction. If the model is defined to have a unique stationary
vacuum bulk state with all homogeneous incoming data excluded, the witness is outside the
domain and the fiber must be reassessed for that restricted domain; the forced retarded KK
response and the effective-action results of Sections 6–11 survive unchanged. See Section 15,
item 1.

The construction also identifies what must be added. At linear order the required completion
is the bulk gravitational initial data modulo the subspace whose retarded brane response vanishes
identically; in a KK decomposition, the coupled continuum amplitudes modulo zero-response
modes. In the nonlinear theory it is the bulk initial/boundary data or, after elimination, the
induced nonlocal brane history functional. Adding the instantaneous value of Eµν alone does
not in general close its future evolution — as Section 4.3 makes precise.

8



4 The exact projected Einstein equation

4.1 Israel junction condition

Let the brane surface stress tensor be

Sµν = −λqµν + Tµν , S ≡ qµνSµν = −4λ+ T. (22)

The Israel condition [3] for a thin shell in five dimensions is

[Kµν ] ≡ K+
µν −K−

µν = −κ25
(
Sµν − 1

3qµνS
)
, (23)

the factor 1
3 being 1/(D − 2) with D = 5. Imposing the RS2 Z2 reflection symmetry gives

K+
µν = −K−

µν , so [Kµν ] = 2Kµν evaluated with the outward normal on one side, and hence

Kµν = −κ
2
5

2

[
Tµν +

1
3(λ− T )qµν

]
. (24)

Indeed, Sµν − 1
3qµνS = Tµν − λqµν − 1

3qµν(T − 4λ) = Tµν +
1
3qµν(λ − T ), which gives (24) on

halving. Traces:

K = qµνKµν = −κ
2
5

2

[
T + 4

3(λ− T )
]
= −κ

2
5

2

[
4
3λ− 1

3T
]
= −κ

2
5

6

(
4λ− T

)
. (25)

Thus, under Z2 symmetry, the extrinsic curvature is fixed algebraically by the brane stress
tensor. This is precisely why the quadratic correction below descends to brane data while the
projected Weyl tensor does not.

4.2 Gauss–Codazzi projection

The Gauss equation for the embedding is

(4)Rµνρσ = (5)RABCD e
A
µe
B
νe
C
ρe
D
σ +KµρKνσ −KµσKνρ. (26)

Decompose the five-dimensional Riemann tensor into Weyl and Ricci parts,

(5)RABCD = (5)CABCD + 2
3

(
gA[C

(5)RD]B − gB[C
(5)RD]A

)
− 1

6
(5)RgA[CgD]B, (27)

and use (5), which gives (5)RAB = 2
3Λ5gAB and (5)R = 10

3 Λ5 away from the brane. Define the
electric projection of the bulk Weyl tensor,

Eµν := (5)CABCD n
AeBµ n

CeDν , (28)

which is symmetric and traceless, qµνEµν = 0, by the trace identities of the Weyl tensor and
n · n = 1.

Contracting (26) twice and substituting (27) yields the well-known intermediate identity

Gµν = −1
2Λ5qµν +Qµν(K)− Eµν , (29)

where the complete extrinsic-curvature contribution is

Qµν(K) = KKµν −KµβKν
β − 1

2qµν
(
K2 −KαβK

αβ
)
. (30)
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We now insert (24) into (30). Write Kµν = −κ25
2

(
Tµν + αqµν

)
with α ≡ 1

3(λ − T ), so that

K = −κ25
2 (T + 4α). Then

KKµν =
κ45
4

(
T + 4α

)(
Tµν + αqµν

)
, (31)

KµβKν
β =

κ45
4

(
TµβTν

β + 2αTµν + α2qµν
)
, (32)

K2 =
κ45
4

(
T + 4α

)2
, KαβK

αβ =
κ45
4

(
TαβT

αβ + 2αT + 4α2
)
. (33)

Substituting (31)–(33) directly into (30), without yet using the value of α, gives the unsimplified
expression

Qµν =
κ45
4

[(
T + 4α

)(
Tµν + αqµν

)
−
(
TµβTν

β + 2αTµν + α2qµν
)

− 1
2qµν

((
T + 4α

)2 − TαβT
αβ − 2αT − 4α2

)]
.

(34)

Expanding and collecting on the independent structures Tµν , TµβTνβ , and qµν :

Qµν =
κ45
4

[(
T + 2α

)
Tµν − TµβTν

β + qµν

(
1
2TαβT

αβ − 1
2T

2 − 2αT − 3α2
)]
. (35)

Indeed, the qµν coefficient collects α(T +4α)−α2− 1
2

(
T 2+8αT +16α2−TαβTαβ−2αT −4α2

)
=

1
2TαβT

αβ − 1
2T

2 − 2αT − 3α2, while the Tµν coefficient collects (T + 4α)− 2α = T + 2α.
Now restore α = 1

3(λ − T ) in (35) and collect by powers of λ. The Tµν coefficient becomes

T + 2
3(λ − T ) = 1

3T + 2
3λ, contributing κ45

4

(
1
3TTµν + 2

3λTµν
)
=

κ45
12TTµν +

κ45λ
6 Tµν . The qµν

coefficient becomes 1
2TαβT

αβ− 1
2T

2− 2
3(λ−T )T−

1
3(λ−T )

2 = 1
2TαβT

αβ− 1
6T

2− 1
3λ

2, contributing
κ45
8 qµνTαβT

αβ − κ45
24 qµνT

2 − κ45λ
2

12 qµν . Together with the −κ45
4 TµβTν

β term this is exactly

Qµν = −κ
4
5λ

2

12
qµν +

κ45λ

6
Tµν + κ45Πµν , (36)

with
Πµν = −1

4TµβTν
β + 1

12 T Tµν +
1
8 qµνTαβT

αβ − 1
24 qµνT

2. (37)

No cross terms are dropped and no λ-dependence is hidden in the purely quadratic part: all λ2

dependence enters through −1
3λ

2 in the qµν coefficient, and all λT dependence through 2
3λ in

the Tµν coefficient.
Substituting (36) into (29) gives the Shiromizu–Maeda–Sasaki equation [2]:

Gµν [q] = −Λ4 qµν + κ24 Tµν + κ45Πµν − Eµν , (38)

with
Λ4 =

1
2

(
Λ5 +

1
6κ

4
5λ

2
)
, κ24 = 8πG4 =

1
6κ

4
5λ. (39)

Equivalently, writing the equation in the form Gµν +Λ4qµν = κ24Tµν + CRS
µν , the RS2 realization

of the source-induced metric response is

CRS
µν = κ45Πµν − Eµν . (40)

Every coefficient in (38)–(40) follows from the action (3), the junction condition (23), and
the Gauss identity (26). Dimensions are consistent: [κ45] = L6, [TµνT

µν ] = L−8, so [κ45Π] =
L−2 = [Eµν ] = [Gµν ].

Remark 4.1 (The superscript is not decorative). The tensor (40) is not predicted by any ab-
stract source/readout considerations. It is the response obtained after choosing five-dimensional
Einstein gravity, the RS2 brane action, the Z2 junction condition, and the stated source domain.
Other source models induce different response tensors.
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4.3 Conservation, Bianchi, and nonclosure

With no exchange of matter energy into the bulk, the Codazzi equation Dµ
(
Kµν − Kqµν

)
=

(5)RABn
AeBν = 2

3Λ5 nAe
A
ν = 0 combined with (24) gives

∇µTµν = 0. (41)

Applying the four-dimensional contracted Bianchi identity ∇µGµν = 0 to (38) then yields

∇µEµν = κ45∇µΠµν . (42)

This is the exact nonclosure statement in local form. Equation (42) fixes the divergence of
Eµν , which is four of its components’ worth of information, but leaves its transverse-traceless con-
tent — precisely the free bulk gravitational response — undetermined by brane data. The pro-
jected system (38)–(42) is covariantly consistent but is not in general a closed four-dimensional
initial-value system. This is the tensorial counterpart of Proposition 3.1: the wave packet of
Section 3 supplies two solutions with identical instantaneous brane data and different later Eµν .

5 Exact evaluation in the homogeneous sector

Take an FRW brane and a perfect fluid,

ds24 = −dt2 + a(t)2 dΣ2
k, Tµν = ρ uµuν + p hµν , hµν = qµν + uµuν , (43)

with uµuµ = −1. Then T = −ρ+ 3p and TαβTαβ = ρ2 + 3p2.

Lemma 5.1 (Perfect-fluid Πµν). For (43), (37) evaluates to

Πµν =
ρ

12

[
ρ uµuν + (ρ+ 2p)hµν

]
. (44)

Proof. Direct substitution. In the rest frame, T00 = ρ, Tij = p qij , and

Π00 =
ρ2

4
+

(−ρ+ 3p)ρ

12
− ρ2 + 3p2

8
+

(−ρ+ 3p)2

24
=
ρ2

12
, (45)

where the first term carries a + sign because −1
4T0βT0

β = −1
4T00T0

0 = −1
4ρ · (−ρ) = +1

4ρ
2, and

the third and fourth carry the signs induced by q00 = −1. Assembling the terms: ρ2

4 − ρ2

12 +
pρ
4 −

ρ2

8 − 3p2

8 + ρ2

24 −
pρ
4 + 3p2

8 = ρ2
(
1
4 −

1
12 −

1
8 +

1
24

)
= ρ2

12 . Similarly Πij =
1
12ρ(ρ+2p) qij . These are

the uµuν and hµν components of (44).

Homogeneity, isotropy, tracelessness, and (42) (whose right-hand side vanishes in this sector
because Πµν is a conserved perfect-fluid combination) force

Eµν = −U(t)
(
uµuν +

1
3hµν

)
, U̇ + 4HU = 0 =⇒ U(t) = 3µ

a4(t)
, (46)

where µ is a constant fixed by the bulk geometry — in an AdS–Schwarzschild realization, pro-
portional to the bulk black-hole mass parameter [4,5]. It is not determined by the brane matter
state.

The response is now fully evaluated:

CRS
00 =

κ45
12
ρ2 +

3µ

a4
, CRS

ij =
[κ45
12
ρ(ρ+ 2p) +

µ

a4

]
qij . (47)
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Proposition 5.2 (Exact brane Friedmann equations). For the model of Section 2 with an FRW
brane, conserved brane matter, and no bulk matter flux,

H2 +
k

a2
=

Λ4

3
+
κ24
3
ρ+

κ45
36
ρ2 +

µ

a4
. (48)

Using κ24 = κ45λ/6 this is equivalently

H2 +
k

a2
=

Λ4

3
+
κ24
3
ρ
(
1 +

ρ

2λ

)
+
µ

a4
, (49)

and, with ρ̇+ 3H(ρ+ p) = 0,

Ḣ − k

a2
= −κ

2
4

2
(ρ+ p)

(
1 +

ρ

λ

)
− 2µ

a4
. (50)

Proof. Take the 00 component of (38) with (44)–(46). The Einstein tensor gives G00 = 3(H2 +

k/a2); the correction contributes κ45Π00 − E00 =
κ45
12ρ

2 + 3µ/a4. Dividing by 3 gives (48). Sub-
stituting κ45 = 6κ24/λ gives κ45ρ2/36 = κ24ρ

2/(6λ), i.e. the ρ2/(2λ) term in (49). Differentiating
(49) and eliminating ρ̇ with conservation gives (50).

The signs and scalings are fixed and physically transparent. Positive brane tension gives
a positive ρ2 correction, enhancing the expansion rate at high density. The Weyl contribution
scales as radiation, but its magnitude is set by a bulk-state parameter, not by brane matter.
For ρ/λ≪ 1 and µ/a4 ≪ H2, standard four-dimensional cosmology is recovered.

The homogeneous sector already exhibits the exact division between what the projection
fixes and what it leaves open:

• the form and coefficient of the ρ2 term are fixed once κ5 and λ are specified;

• the exponent a−4 is fixed by symmetry and conservation alone;

• the constant µ is bulk initial/boundary data, undetermined by the brane matter state. It is
not a prediction of the model without a bulk-state condition.

6 Exact tree-level bulk elimination in the linear weak-field sector

The homogeneous sector evaluates the nonlinear local response but hides the spectral structure
of the eliminated bulk gravitons. That structure is explicit at linear order [1, 6, 7].

6.1 Bulk perturbation equation, brane bending, and the boundary condition

In Randall–Sundrum gauge, a TT perturbation of the background (11) obeys[
e2|y|/ℓ□4 + ∂2y −

4

ℓ2
+

4

ℓ
δ(y)

]
hTT
µν = −2κ25Σ

TT
µν δ(y). (51)

The source Σµν contains the brane stress tensor and the brane-bending contribution required
by the junction condition. In the Garriga–Tanaka convention [6],

Σµν = Tµν − 1
3ηµνT +

2

κ25
∂µ∂ν ξ̂

5, □4ξ̂
5 =

κ25
6
T. (52)

The bending equation makes Σµµ = 0: indeed ηµνΣµν = T − 4
3T + 2

κ25
□4ξ̂

5 = −1
3T + 1

3T = 0.
Together with ∂µTµν = 0 it also gives ∂µΣµν = 0, as RS gauge requires.
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Brane bending is not an optional refinement. It is the statement that the brane, being a
dynamical surface, is displaced from y = 0 in RS gauge by the presence of matter; restoring
the Gaussian-normal frame adapted to the physical brane produces, up to a tangential gauge
transformation,

h̄µν = hµν + ℓ ∂µ∂ν ξ̂
5 +

2

ℓ
ηµν ξ̂

5 − ∂(µξ̂ν). (53)

Decomposing hµν = h
(m)
µν + h

(ξ)
µν into the part sourced by Tµν − 1

3ηµνT and the part sourced
by the bending term, and choosing the tangential gauge to cancel the pure gradient pieces, the
brane value reduces to

h̄µν = h(m)
µν +

2

ℓ
ηµν ξ̂

5. (54)

This single term converts the apparent 1
3 trace coefficient of the RS-gauge source into the four-

dimensional massless 1
2 coefficient in the zero-mode response — as Section 6.3 makes explicit.

Omitting brane bending, or using the wrong trace coefficient, produces a graviton that is not
the four-dimensional graviton and gives the wrong light-bending prediction.

The retarded Green function imposes causal response; regularity, i.e. absence of incoming
radiation from the AdS horizon, selects the forced solution. If arbitrary incoming bulk radiation
is admitted, a homogeneous solution must be added; that homogeneous term is exactly the initial-
state contribution associated with the same-readout fiber of Section 3. The two constructions are
the same physics seen twice.

6.2 Brane-to-brane propagator: zero mode and KK continuum

The brane-to-brane retarded Green function of (51) has the spectral resolution

GR(p; 0, 0) = G
(0)
R (p) +G

(KK)
R (p),

G
(0)
R (p) = −1

ℓ

1

−(ω + i0+)2 + k2
,

G
(KK)
R (p) = −

∫ ∞

0
dm

um(0)
2

m2 − (ω + i0+)2 + k2
.

(55)

The normalized continuum modes of the transverse operator are Bessel combinations, and their
brane value gives the spectral weight

um(0)
2 =

2

π2mℓ
[
J2
1 (mℓ) + Y 2

1 (mℓ)
] . (56)

Using the small-argument behavior J1(x) ≃ x/2 and Y1(x) ≃ −2/(πx), one has J2
1 + Y 2

1 ≃
4/(π2x2), hence

um(0)
2 =

mℓ

2
+O

(
(mℓ)3 log(mℓ)

)
, mℓ≪ 1. (57)

Two structural facts follow. The first term in (55) is the normalizable four-dimensional
graviton zero mode: an isolated massless pole. The second is a continuum of physical KK
modes with nonnegative spectral density um(0)

2 ≥ 0, producing a branch cut beginning at
threshold m = 0.

Remark 6.1 (What the branch cut does and does not exclude). A finite-dimensional classical
linear system, or a finite set of free fields with a finite-order quadratic action evaluated at
tree level, has only a finite rational pole structure and cannot reproduce (55)–(56) exactly. It
does not follow that every four-dimensional theory is excluded. An interacting four-dimensional
field theory, a nonlocal theory, an infinite tower, a continuum of fields, or a conformal sector
reproduces a branch cut without difficulty — multiparticle thresholds generically produce cuts.
See Sections 10 and 15, item 8.
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6.3 Tensor projectors and the response operator

At linear order the bulk gravitational action is quadratic. Integration over bulk modes is therefore
Gaussian, and the resulting Schur complement is exact at tree level. We first retain the tensor
structure that distinguishes the massless graviton from the massive continuum.

For four-momentum p, define the transverse tensor

θµν = ηµν −
pµpν

p2 + i0+
, (58)

and the Barnes–Rivers spin projectors on symmetric tensors [20],

P (2)
µνρσ = 1

2

(
θµρθνσ + θµσθνρ

)
− 1

3θµνθρσ,

P (0)
µνρσ = 1

3θµνθρσ.
(59)

(The 1
3 is 1/(D − 1) with D = 4, appropriate to the three-dimensional transverse subspace.)

Lemma 6.2 (Trace coefficients). For a conserved source, pµTµν = 0, so θµνTµν = T and(
P (2)T

)
µν

= Tµν − 1
3θµνT,

(
P (0)T

)
µν

= 1
3θµνT. (60)

Consequently (
P (2) − 1

2P
(0)

)
T = Tµν − 1

2θµνT, (61)

which is the massless four-dimensional graviton structure, while a massive spin-two exchange
gives P (2)T = Tµν − 1

3θµνT , the van Dam–Veltman–Zakharov structure.

Proof. Contract (59) with T ρσ using θµρT ρσθσν = Tµν for a conserved source, and θρσT ρσ = T .
Then P (2)T = Tµν − 1

3θµνT and P (0)T = 1
3θµνT . Subtracting half the latter, Tµν − 1

3θµνT −
1
6θµνT = Tµν − 1

2θµνT .

The brane-bending field of Section 6.1 is precisely what converts the scalar coefficient of
the massless part from 1

3 to 1
2 : the term 2

ℓηµν ξ̂
5 in (54) supplies a trace piece proportional to

□−1
4 T , i.e. −1

6θµνT times the zero-mode propagator. Consequently the complete gauge-invariant
response to a conserved brane source, modulo longitudinal pure-gauge terms, is

h̄µν(p) = −RRµνρσ(p)Tρσ(p), (62)

with
RR(p) = 2κ25

[
G

(0)
R (p)

(
P (2) − 1

2P
(0)

)
+G

(KK)
R (p)P (2)

]
. (63)

Equation (63) fixes both the normalization and the relative tensor coefficients. It is equivalent
to the RS-gauge source equation (51) together with the bending equation (52) and the trans-
formation (54). It displays directly why the zero mode carries the four-dimensional massless
trace coefficient while the KK continuum carries the massive spin-two coefficient — the physical
content of the fact that RS2 has no vDVZ discontinuity in the observable weak-field limit.

6.4 Causal influence functional

The same result follows from a causal influence functional, which is the formulation that makes
the initial-state dependence explicit [12]. Causality requires the closed-time-path fields to remain
doubled. Set

hc =
1
2(h+ + h−), h∆ = h+ − h−. (64)
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On the physical conserved-source subspace let KR = R−1
R . For equal physical sources on the two

contour branches, the quadratic closed-time-path functional is

Γ
(2)
CTP[hc, h∆;T ] =

1
2

〈
h∆,KRhc

〉
+ 1

2

〈
h∆, T

〉
+ i

2

〈
h∆,Nh∆

〉
, (65)

where the pairing includes momentum integration and contraction on the conserved tensor sub-
space. The factor 1

2 in the source term is the standard linear metric coupling δSm = 1
2

∫
Tµνδhµν .

The symmetric kernel N is fixed by the chosen bulk density matrix; it controls fluctuations and
does not enter the mean classical field. Varying (65) with respect to h∆ and then taking the
physical limit h∆ = 0 gives

1
2 KRhc +

1
2 T = 0 =⇒ hc = −RR T, (66)

reproducing (62). Restricted to the TT source in RS gauge this reduces to

hTT
c = −2κ25 GR ΣTT, (67)

where GR denotes the retarded convolution operator whose momentum-space kernel is the brane-
to-brane Green function GR(p; 0, 0) = G

(0)
R (p) +G

(KK)
R (p) of (55), acting as(

GR ΣTT
)
(x) =

∫
d4x′ GR(x− x′) ΣTT(x′), GR(x− x′) =

∫
d4p

(2π)4
eip·(x−x

′)GR(p; 0, 0).

(68)
This recovers the normalization used in (51). Thus the standard 1

2hµνT
µν matter coupling

reproduces the response normalization rather than fixing it by convention.
The retarded prescription fixes causality. In the positive-tension model the KK spectral

density (56) is positive, so the linear continuum introduces no negative-norm graviton. The
negative-tension branch instead gives the wrong sign of the four-dimensional Newton constant
and is not used.

Remark 6.3 (Status of the elimination). This is a tree-level, linear-response calculation, and
must not be confused with the exact nonlinear equation (38). Gauge fixing isolates the physical
TT operator; brane bending restores the response required by the conserved four-dimensional
source and its Ward identity. At tree level, ghost fields carry no external classical source and
contribute no exchange term between conserved brane stresses; ghost and graviton determinants
enter only beyond this approximation. Ultraviolet local terms at coincident points renormal-
ize the brane tension, the Newton coupling, and admissible higher-curvature operators; the
nonanalytic continuum term and its 1/r3 residue at r > 0 are insensitive to those local sub-
tractions. Covariant conservation of the resulting response agrees with (42). The bulk initial
state enters the full closed-time-contour functional through its density matrix: under the no-
incoming/regular choice the forced retarded kernel is fixed; changing that choice changes both
the homogeneous response and the fluctuation kernel N.

6.5 Evaluated long-distance response

For a static source and r ≫ ℓ, the three-dimensional massive Green function is −e−mr/(4πr).
The small-m spectral weight (57) therefore evaluates the KK contribution rather than leaving
it as a formal kernel:

G(KK)(r) = − 1

4πr

∫ ∞

0
dmum(0)

2 e−mr = − 1

4πr
· ℓ
2

∫ ∞

0
dmme−mr+· · · = − ℓ

8πr3
+O

( ℓ3
r5

log
r

ℓ

)
,

(69)
using

∫∞
0 me−mrdm = r−2. Adding the zero mode G(0)(r) = −1/(4πℓr) gives the brane scalar

Green function

G(x, 0;x′, 0) = − 1

4πℓr

[
1 +

ℓ2

2r2
+O

( ℓ4
r4

log
r

ℓ

)]
, r = |x− x′|. (70)

15



For a nonrelativistic point source, T00 =Mδ3(x) and T = −Mδ3(x), so the bending equation
(52) gives

∇2ξ̂5 = −κ
2
5M

6
δ3(x), ξ̂5(r) =

κ25M

24πr
. (71)

Substituting (70) into h(m) = −2κ25G ∗
(
Tµν − 1

3ηµνT
)
, adding 2ηµν ξ̂

5/ℓ as in (54), and using
G4 = κ25/(8πℓ) (Section 6.6), one obtains, outside a nonrelativistic spherical source of mass M ,

h̄00 =
2G4M

r

[
1 +

2ℓ2

3r2
+O

( ℓ4
r4

log
r

ℓ

)]
, (72)

h̄ij =
2G4M

r

[
1 +

ℓ2

3r2
+O

( ℓ4
r4

log
r

ℓ

)]
δij . (73)

Equivalently, in asymptotically Minkowski Newtonian gauge,

ds2 = −(1 + 2Φ) dt2 + (1− 2Ψ) dx2, (74)

the gauge-invariant static potentials are

Φ(r) = −G4M

r

(
1 +

2ℓ2

3r2
+ · · ·

)
, Ψ(r) = −G4M

r

(
1 +

ℓ2

3r2
+ · · ·

)
. (75)

This reproduces the Garriga–Tanaka result [6].
Three observations. First, the correction is not a mass renormalization: it has a different

radial scaling and cannot be absorbed into G4M . Second, the coefficients in Φ and Ψ are
unequal, which correlates nonrelativistic acceleration with light deflection: the former probes Φ,
the latter Φ + Ψ. Third, in momentum space the same physics is the KK branch cut of (55),
not an extra isolated pole.

The result is controlled by
G4M

r
≪ 1,

ℓ

r
≪ 1, (76)

and assumes the minimal two-derivative bulk action and the regular retarded bulk state. It is
not an expansion valid at r ≲ ℓ, where the full spectral integral (56) must be used.

6.6 One-sided versus two-sided normalization

Two conventions occur in the literature and must not be mixed. In the two-sided covering-space
convention used throughout this paper,

y ∈ (−∞,∞), a(y) = e−|y|/ℓ, (77)

and the zero-mode reduction gives

1

κ24
=

1

κ25

∫ ∞

−∞
dy a(y)2 =

1

κ25

∫ ∞

−∞
dy e−2|y|/ℓ =

ℓ

κ25
, (78)

so that

κ24 =
κ25
ℓ
, G4 =

G5

ℓ
. (79)

If instead one works on a single AdS patch y ≥ 0 with the same undoubled bulk normalization,
the integral is ℓ/2 and

κ24 =
2κ25,one
ℓ

, G4 =
2G5,one

ℓ
. (80)
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Equivalently, the Z2 orbifold fundamental domain may be assigned a doubled bulk action, re-
producing the two-sided convention. The weak-field coefficients 2ℓ2/3 and ℓ2/3, expressed in
terms of the measured G4, are unchanged provided the gravitational coupling and the number
of AdS patches are converted consistently.

The same distinction appears in the four-dimensional dual description (Section 10). One
AdS patch corresponds to one cutoff CFT contribution; a two-sided geometry has two identical
bulk regions and hence a doubled CFT polarization contribution. Duff and Liu [9] present the
one-patch normalization explicitly; doubling both the bulk contribution and its CFT counterpart
gives the two-sided convention used here. Their equality of the nonanalytic 1/r3 residue therefore
remains valid, but only after this conversion. No equation in this paper combines a one-sided
Newton-constant relation with a two-sided junction condition.

7 The parameter-eliminated cross-regime prediction

Under the RS tuning

Λ5 = − 6

ℓ2
, λ =

6

κ25ℓ
, κ24 =

κ25
ℓ
, (81)

one also has λ = 6/(κ24ℓ
2), and (39) gives Λ4 = 1

2

(
−6/ℓ2 + 1

6κ
4
5λ

2
)
= 0 exactly, since κ45λ2 =

κ45 · 36/(κ45ℓ2) = 36/ℓ2.

Remark 7.1 (Status of Λ4 below). The symbol Λ4 retained in (82) is a phenomenological back-
ground term that may be fitted or supplied by a much smaller late-time brane energy component.
It is not an independent parameter of the exactly tuned flat-brane theorem. Applying the co-
efficient relation on a weakly curved cosmological background requires Hℓ ≪ 1 and negligible
detuning corrections in the compared regime. See Section 15, item 9.

Write the two independently measurable departures from four-dimensional GR, without using
RS2 in the fits, as

H2 +
k

a2
=

Λ4

3
+
κ24
3
ρ+Bρ2 +

µ

a4
, (82)

Φ(r) = −G4M

r

(
1 +

AΦ

r2
+ · · ·

)
, Ψ(r) = −G4M

r

(
1 +

AΨ

r2
+ · · ·

)
. (83)

Theorem 7.2 (Cross-regime coefficient relation). In minimal, exactly tuned, positive-tension
RS2 with the regular retarded bulk state, the source calculation gives

B =
κ45
36

=
κ44ℓ

2

36
, AΦ =

2ℓ2

3
, AΨ =

ℓ2

3
, (84)

and eliminating ℓ yields

AΨ = 1
2AΦ, B =

κ44
24
AΦ =

κ44
12
AΨ. (85)

Proof. B = κ45/36 is read off from (48). Using κ25 = κ24ℓ from (79) gives κ45 = κ44ℓ
2, hence

B = κ44ℓ
2/36. The values AΦ = 2ℓ2/3, AΨ = ℓ2/3 are read off from (75). Eliminating, ℓ2 =

3AΦ/2 = 3AΨ, so AΨ = AΦ/2, and B =
κ44
36 · 3AΦ

2 =
κ44
24AΦ =

κ44
12AΨ.

Dimensional consistency. [κ24] = L2, [AΦ] = L2, hence [B] = L4 · L2 = L6; and with
[ρ] = L−4, [Bρ2] = L6−8 = L−2 = [H2], as required.
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Scope, and what it does and does not do. The relation (85) contains no unknown brane
parameter once G4 and the phenomenological coefficients are measured. It is independent of
the dark-radiation constant µ, whose a−4 scaling is separable from ρ2 when the matter equa-
tion of state and energy density are independently constrained. Its content is exact within its
intersecting regimes:

• B comes from the exact homogeneous thin-brane equation (48);

• AΦ, AΨ are the leading terms of the controlled r ≫ ℓ weak-field expansion (75);

• the same ℓ and the same tuned source action govern both sectors;

• no fit of ℓ remains after the coefficients are compared.

A violation of either equality falsifies minimal classical RS2 under the stated assumptions. A
statistically significant nonzero common signal satisfying both equalities is a parameter-saving,
out-of-sample success for RS2 and favours it over pure four-dimensional GR in model compar-
ison. It does not falsify a four-dimensional theory that independently parameterizes all three
coefficients: such a theory fits either agreement or violation. Only a restricted alternative pre-
dicting an incompatible relation is excluded. Note also the all-zero limit: AΦ = AΨ = B = 0
satisfies both equalities trivially and merely bounds ℓ from above. And even nonzero agree-
ment does not establish that the five-dimensional variables are ontologically fundamental, as
Section 11 proves.

8 Minimal dynamical completion and memory

8.1 Linear completion: a quotient by the kernel of the brane response

Restrict first to the linearized, fixed-background problem with fixed brane forcing, for which the
gauge-reduced bulk perturbation data form a vector space. Let z0 denote the bulk gravitational
initial data omitted by the readout (10), and define the brane-response operator

OΣz0 = the induced brane response generated by z0, (86)

with brane initial data and applied brane sources held fixed. Put NΣ = kerOΣ.

Definition 8.1 (Minimal linear dynamical completion).

ERS
dyn =

{admissible gauge-reduced bulk initial data}
NΣ

. (87)

This quotient discards exactly the bulk directions that never influence the brane, and retains
no more. In the linear spectral representation it retains precisely the coupled KK amplitudes to-
gether with the allowed incoming homogeneous modes. Under a prescribed regular no-incoming
state, the homogeneous amplitudes are fixed and the entire remaining response is the retarded
convolution encoded by G(KK)

R .
Schematically, in each relevant projected tensor sector, the exact linear brane equation takes

the causal, generally nonlocal form

D0hΣ(x) +

∫
d4x′ KR(x, x

′)hΣ(x
′) = TΣ(x) + ηz0(x), (88)

with
KR =

(
G

(0)
R +G

(KK)
R

)−1 −
(
G

(0)
R

)−1
. (89)
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Tensor indices and normalizations are suppressed throughout (88)–(89): the symbols D0, TΣ,
and KR denote the appropriately normalized operators and sources within the projected tensor
sector under consideration. In equation (89), G(0)

R + G
(KK)
R is specifically the scalar coefficient

multiplying P (2) in the full response operator (63); thus KR is the spin-two-sector correction
relative to the zero-mode operator. The P (0) contribution occurs only through the massless
combination G(0)

R

(
P (2)− 1

2P
(0)

)
and must be retained through the full projector-valued response

(63). The combination P (2) − 1
2P

(0) is the complete massless-graviton exchange structure, not
a scalar sector. Equation (88) is accordingly a schematic sector-by-sector statement, not a fully
explicit tensor identity; the explicit tensor content is (62)–(63). The term ηz0 is the homogeneous
response of the unresolved bulk initial data. Two points deserve emphasis. First, KR is computed
by the KK spectral integral (56); it is not an arbitrary phenomenological memory function.
Second, the same spectral density fixes both the branch cut of Section 6.2 and the long-distance
1/r3 residue of Section 6.5 — they are one prediction, not two. This structure agrees with the
explicit integro-differential brane perturbation equation of Mukohyama [8].

8.2 Nonlinear completion

At the nonlinear level there is generally no vector-space kernel and hence no quotient by a
subspace. Instead:

Definition 8.2 (Operational equivalence of bulk data). Two admissible gauge-reduced bulk
data sets are equivalent when, for the same retained brane initial data, they induce the same
complete brane record for every allowed brane protocol. The minimal predictive completion is
the set of these equivalence classes.

The tensor Eµν is the local manifestation of the missing bulk response, not a substitute for it.
Its divergence equation (42) constrains it but does not evolve it; supplying Eµν instantaneously
does not close the system, because its subsequent evolution requires the bulk problem. The
nonlinear completion is therefore neither the linear quotient (87) nor, in general, a finite set of
four-dimensional functions.

9 What the source model fixes

Conditional on RS2, the source action fixes the following:

1. the tensor form and numerical coefficients of Πµν , (37);

2. the sign of the high-density correction for a positive-tension brane;

3. the ρ2 and a−4 scalings in the homogeneous sector;

4. the massless graviton pole plus a positive KK continuum in linear RS2;

5. the leading 1/r3 potential correction and the ratio of the two metric potentials;

6. the cross-regime relation (85);

7. covariant conservation of the total projected response.

Everything not fixed — the choice of RS2 itself, the value of ℓ, the bulk state and µ,
the boundary condition, possible non-minimal operators, and the ultraviolet completion — is
collected with the corresponding failure modes in Section 15. The cross-regime relation removes
ℓ from one comparison; it does not remove the physical assumptions defining the source model.
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10 The strongest conventional four-dimensional description

10.1 Homogeneous sector

Define

T eff
µν = Tµν +

κ45
κ24

Πµν −
1

κ24
Eµν . (90)

The projected equation (38) becomes ordinary four-dimensional Einstein gravity sourced by T eff
µν .

In the homogeneous sector,

ρeff = ρ+
ρ2

2λ
+

3µ

κ24a
4
, peff = p+

ρ(ρ+ 2p)

2λ
+

µ

κ24a
4
. (91)

This four-dimensional fluid description reproduces the background expansion exactly, and may
perfectly well be regarded as fundamental rather than induced. Background cosmological data
alone cannot decide between the two readings.

10.2 Linear sector, and the CFT realization of the 1/r3 residue

The quadratic action of Section 6 is already a four-dimensional nonlocal action once GR is taken
as its primitive kernel. That such nonlocal braneworld actions with explicit KK form factors
can be written down constructively is shown, in the two-brane setting, by Barvinsky et al. [11];
we invoke that work only as a constructive control on the form of the eliminated action, not as
an identity for RS2, whose single-brane spectrum is a continuum rather than a discrete tower.
It contains the same massless pole, the same continuum branch cut, the same causal response,
and the same weak-field coefficients as the five-dimensional description.

The four-dimensional alternative is not hypothetical. The stress-tensor vacuum-polarization
loop of an appropriate four-dimensional conformal sector corrects the graviton propagator with
the same 1/r3 coefficient as the classical RS2 bulk calculation [9, 10, 18]. Thus even the most
characteristic weak-field residue of the model has a conventional four-dimensional realization.
This is the concrete form taken, inside RS2, by the general obstruction proved in Section 11.

The discrimination supplied by the model is therefore

minimal RS2 versus 4D GR or another independently restricted model class, (92)

and not
source projection versus every possible brane-only theory. (93)

11 The operational-equivalence obstruction

Sections 3–8 establish nonclosure of the instantaneous brane state. That statement must be
sharply distinguished from the far stronger claim that no autonomous description using only
brane observables can exist. The stronger claim is false when arbitrary history dependence is
allowed.

11.1 Classical pushforward lemma

Let ET be the class of all experiments that prepare, intervene on, and read only Tier-1 (brane)
variables. For each protocol e ∈ ET , a fully specified source theory defines a probability measure
µSe on its admissible source histories ΓeS . Let

Re : Γ
e
S −→ ΓeT (94)

be the measurable map returning the complete Tier-1 record.
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Lemma 11.1 (Pushforward representation of Tier-1 operational laws). Define

νe = (Re)∗µ
S
e , e ∈ ET . (95)

Then M⋆
T = {νe : e ∈ ET } is a theory whose sample space contains only Tier-1 histories and

whose prediction for every Tier-1 experiment coincides exactly with the source prediction:

dTV

(
(Re)∗µ

S
e , ν

⋆
e

)
= 0 for every e ∈ ET , (96)

where ν⋆e := νe regarded as the surrogate theory’s law.

Proof. By the definition of pushforward, for every bounded measurable statistic F : ΓeT → R,∫
Γe
T

F (γ) νe(dγ) =

∫
Γe
S

F (Reω)µ
S
e (dω). (97)

Taking F to be the indicator of an arbitrary measurable event proves equality of the complete
record distributions, hence (96). Taking F to encode an estimator, a randomized decision rule,
a stopping rule, a correlation function, or a loss function proves equality of its distribution
as well. Adaptive interventions are already covered, because each complete adaptive protocol
is a member of ET and its record map is measurable. Marginalization, random mixtures of
protocols, and causal consistency are inherited because pushforward commutes with measurable
composition and with marginalization.

Remark 11.2 (Status of Lemma 11.1). The equality (96) is mathematically immediate from
the definition of pushforward; nothing in the proof is deep, and no claim of mathematical
originality is made for it. Its significance here is interpretive. It establishes the exact boundary
on what brane-only observations can discriminate, and hence fixes the strongest conclusion that
the positive results of Sections 3–7 can support. The substantive work lies in identifying which
restrictions on the alternative class do permit discrimination (Section 11.3), and in exhibiting —
through the four-dimensional CFT description of Section 10 — that the obstruction is realized
concretely in RS2 and not merely as a formal possibility.

For standard Borel state spaces the finite-time laws disintegrate into causal history kernels,

ν(dx0:n | u0:n−1) = K0(dx0)

n−1∏
j=0

Kj+1

(
dxj+1 | x0:j , u0:j

)
, (98)

an autonomous stochastic law on Tier-1 histories and controls. It need not be Markovian,
finite-dimensional, local, simple, or state-independent. Those are explanatory restrictions, not
consequences of autonomy in the unrestricted operational sense.

11.2 Quantum and field-theoretic forms

In quantum theory, equality of one-time reduced states, or of an ordinary in–out generating
functional, is insufficient: interventions can expose temporal correlations. The exact Tier-1
object is the process tensor [14]. If A(j)

xj are Tier-1 instruments and Uj+1:j the joint source
propagator, then

Pr(x | A) = TrTE

[
A(n)
xn Un:n−1 · · · A(0)

x0 (ρTE)
]
. (99)

Contracting every eliminated-sector index defines a positive, causally normalized multilinear
functional ΥT

n:0 with Tier-1 legs only, such that

Pr(x | A) = ΥT
n:0

[
A(n)
xn ,A

(n−1)
xn−1

, . . . ,A(0)
x0

]
. (100)
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The field-theoretic counterpart is the Feynman–Vernon closed-time-path influence functional
[12]. With S[ϕ, χ] = ST [ϕ] + SE [χ] + Sint[ϕ, χ] and a factorized initial environment state,

eiSIF[ϕ+,ϕ−] =

∫
χ+(tf )=χ−(tf )

Dχ+Dχ− ρE(χ
+
i , χ

−
i ) e

iSE [χ+]+iSint[ϕ+,χ+]−iSE [χ−]−iSint[ϕ−,χ−],

(101)

ZT [J+, J−] =

∫
Dϕ+Dϕ− ρT (ϕ

+
i , ϕ

−
i ) e

iST [ϕ+]−iST [ϕ−]+iSIF[ϕ+,ϕ−]+iJ+ϕ+−iJ−ϕ− . (102)

The retained action is counted exactly once. A correlated initial state replaces ρE by the
corresponding joint boundary functional; the process-tensor construction (100) covers that case
with no factorization assumption. The resulting closed-time-path functional contains retarded
response, fluctuations, and multi-time Tier-1 probabilities, and may be complex, nonlocal, and
state-dependent while remaining a complete Tier-1 description.

11.3 The exact boundary of the conclusion

The witness of Section 3 proves
p ◦ Φt ̸= Ut ◦ p (103)

for every deterministic flow Ut on the specified instantaneous brane state, and — for any prepa-
ration class that resolves the two witness states, so that the conditional future law differs within
a readout fiber — it also defeats universal Markov lumpability. It does not defeat the pushed-
forward law (95) on complete brane histories.

Accordingly, source projection can be empirically distinguished only relative to a restricted
alternative class MR

T . If Op(M) denotes the complete family of protocol-conditioned Tier-1 laws
of a model, the necessary and sufficient condition that the restricted class contain no exactly
operationally equivalent model is

Op(MS , p) /∈
{
Op(M) :M ∈ MR

T

}
. (104)

Remark 11.3 (Identifiability is not a finite-data testing theorem). Condition (104) is exact
identifiability. Uniform statistical discrimination from a composite alternative class additionally
requires separation of the source law from the closure of that class in an operational metric
appropriate to the allowed protocols — total variation, or a relative-entropy rate. If the source
law lies outside the class but can be approximated arbitrarily closely by its members, exact
equivalence is absent while finite-data discrimination may nonetheless be arbitrarily difficult.

Useful independent restrictions include: a fixed finite set of free or weakly coupled instanta-
neous fields at a stated perturbative order; a Markov or finite-memory condition; fixed finite-pole
local quadratic dynamics; a finite EFT basis with coefficients fixed before the test; a prescribed
preparation/boundary-state class. Locality alone, or finitely many interacting field species alone,
is insufficient, because multiparticle states generate branch cuts. If arbitrary kernels, continua,
initial correlations, and complete-history states are admitted, the pushforward theory belongs to
the alternative class and discrimination is impossible.

12 Main theorem

Theorem 12.1 (RS2 source projection and its exact discrimination boundary). Consider the
two-sided, Z2-symmetric, positive-tension RS2 model defined by (3), with pure five-dimensional
Einstein gravity and a negative cosmological constant in the bulk. Tune Λ5 = −6/ℓ2 and λ =
6/(κ25ℓ), so that Λ4 = 0, and let the instantaneous readout be Definition 2.3. Assume the full
source domain contains smooth finite-energy TT bulk initial data. For the stationary weak-field
coefficients, impose the regular retarded/no-incoming bulk condition. Then:
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1. the readout has physically distinct fibers on which future induced brane observables differ, so
no deterministic evolution on that instantaneous readout is valid for all admissible bulk initial
data;

2. the exact projected tensor equation contains the model-specific correction CRS
µν = κ45Πµν −Eµν

with Πµν as in (37), and predictive closure requires either bulk response data or an equivalent
causal, generally nonlocal brane history law;

3. in the homogeneous and long-distance weak-field regimes the observable coefficients obey AΨ =
1
2AΦ and B =

κ44
24AΦ;

4. these statements distinguish minimal RS2 from any independently specified Tier-1 model class
that cannot realize the correlated quadratic term, slip ratio, and continuum response — but
no experiment restricted to brane observables distinguishes the five-dimensional source model
from its unrestricted exact four-dimensional pushforward theory.

Proof. Part 1. Take zero bulk perturbation and a nonzero, normalizable TT wave packet
initially supported away from the brane, with the perturbation and its first time derivative
vanishing in a brane neighborhood. The two induced Cauchy data sets coincide (Proposition 3.1).
Their five-dimensional Weyl curvatures do not, so they are not related by a diffeomorphism.
Hyperbolic finite propagation permits the packet to reach the brane and change the induced
perturbation. Hence one readout fiber is not preserved by source evolution, contradicting the
defining condition for a deterministic quotient flow (Corollary 3.2).

Part 2. The Israel equation (23) with Z2 symmetry gives (24). The contracted Gauss
identity separates the bulk Riemann tensor into its Ricci part, fixed by Λ5 via (5), and its Weyl
part Eµν . The terms quadratic in Kµν expand into a constant, a term linear in Tµν , and κ45Πµν ,
as computed line by line in (34)–(36) with Πµν given by (37), giving

Gµν = −1
2

(
Λ5 +

κ45λ
2

6

)
qµν +

κ45λ

6
Tµν + κ45Πµν − Eµν , (105)

which proves (38) and (39). The Bianchi identity fixes only ∇µEµν , (42). Part 1 supplies
two solutions with the same instantaneous brane data and different later Eµν ; the remaining
information must therefore be supplied as bulk initial/boundary response data or, after exact
elimination, as a causal functional of the brane history and the chosen bulk state (Section 8).

Part 3. Perfect-fluid substitution gives Π00 = ρ2/12 (Lemma 5.1), while FRW symmetry
gives −E00 = 3µ/a4 (46). The 00 equation therefore gives B = κ45/36. RS tuning with κ24 = κ25/ℓ
gives B = κ44ℓ

2/36. Independently, the regular brane-to-brane propagator gives AΦ = 2ℓ2/3 and
AΨ = ℓ2/3 at r ≫ ℓ (75). Eliminating ℓ2 proves AΨ = AΦ/2 and B = κ44AΦ/24 (Theorem 7.2).

Part 4. A restricted theory that cannot realize one of these fixed relations is falsified
when all assumptions and coefficients are fixed before observing the test data. Conversely,
for every brane protocol, push the RS2 source-history measure forward through the complete
brane readout. Lemma 11.1 shows the resulting four-dimensional history theory has exactly the
same record distribution for that protocol, including adaptive interventions; their total-variation
distance vanishes for every brane experiment. This proves both the positive antecedent and the
negative ontological-discrimination statement.

Theorem 12.1 establishes a concrete, quantitative source-projection realization together with
its exact discrimination boundary. A stronger conclusion requires an independently justified re-
striction on admissible Tier-1 dynamics — fixed finite-pole local quadratic dynamics, prescribed
finite perturbative content, or finite memory.
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13 Comparative examples and limits of interpretation

13.1 An exactly soluble projection: two coupled oscillators

The following systems are scientific comparisons that clarify the meaning and limits of the RS2
result. An ordinary Hamiltonian model verifies, without gravitational complications, every step
from fiber nonprojectability through memory to an exact Tier-1 surrogate, and simultaneously
exhibits the logical boundary that Section 11 proves in general. The projected equation ob-
tained below is the elementary exactly soluble instance of the Mori–Zwanzig projection-operator
structure [13]: a memory kernel, an initial-slip term, and a retained susceptibility. Let

Hf =
p2x
2m

+ 1
2mω

2
0x

2 +
p2y
2M

+ 1
2MΩ2

(
y − cx

MΩ2

)2
− f(t)x, (106)

and retain X = (x, v)T while eliminating Z = (y, w)T . With δ ≡ c2/(mMΩ2), the first-order
generator has blocks

A =

(
0 1

−(ω2
0 + δ) 0

)
, B =

(
0 0

c/m 0

)
, C =

(
0 0

c/M 0

)
, D =

(
0 1

−Ω2 0

)
, (107)

with etD =

(
cosΩt sinΩt/Ω

−ΩsinΩt cosΩt

)
. Variation of constants evaluates every projected term:

Ẋ(t) = AX(t) +BetDZ0 +

∫ t

0
K(t− s)X(s) ds+

(
0

f(t)/m

)
, (108)

K(t) = BetDC =

 0 0

c2

mMΩ
sinΩt 0

 . (109)

Equivalently, after one integration by parts,

ẍ+ ω2
0x+

∫ t

0
δ cos

[
Ω(t− s)

]
ẋ(s) ds =

f(t)

m
+ ζ(t), (110)

ζ(t) =
c

m

[(
y0 −

cx0
MΩ2

)
cosΩt+

w0

Ω
sinΩt

]
. (111)

Two states with equal (x0, v0) and different (y0, w0) have different later trajectories — the
instantaneous readout is nonprojectable, exactly as in Proposition 3.1, with ζ playing the role of
ηz0 in (88). The smallest generic Markov completion carries the two hidden coordinates, exactly
as ERS

dyn does. The exact retarded susceptibility is

χRxx(ω) =
Ω2 − z2

m
[
(ω2

0 − z2)(Ω2 − z2)− δz2
] , z = ω + i0+. (112)

And yet eliminating y also gives a local, Tier-1-only, higher-derivative equation,

[
(∂2t + ω2

0)(∂
2
t +Ω2) + δ ∂2t

]
x =

1

m
(∂2t +Ω2)f. (113)

Its extra initial derivatives encode precisely the two missing constants. This exactly soluble
example exposes the logical boundary: nonprojectability of (x, ẋ) proves the need for completion
relative to that state choice, and proves nothing about the nonexistence of a higher-derivative or
history-level theory written in x alone. This is the finite-dimensional shadow of Lemma 11.1.
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13.2 Einstein–Cartan and Aharonov–Bohm comparisons

These two examples distinguish a genuine propagating source degree of freedom from an auxiliary
variable and from an incomplete choice of observable state: Einstein–Cartan–Dirac torsion is
auxiliary and introduces no same-readout fiber, whereas the Aharonov–Bohm phase is already
determined once the observable state is chosen completely.

Einstein–Cartan–Dirac. Minimal Einstein–Cartan–Dirac theory fails as the required prop-
agating source-projection antecedent — not as a theory — because its torsion is auxiliary : it
introduces no independent propagating degree of freedom, and hence no same-readout fiber of the
kind Proposition 3.1 exhibits. The connection equation determines the contorsion algebraically
from the axial current, and substitution gives the four-fermion term [15]

Seff = SEH + SDirac [̊ω] +
3κ

16

∫
d4x e J5aJ

a
5 , (114)

up to signature and current conventions. A torsion-free theory containing this operator has
identical retained observables. There is no independent propagating fiber analogous to a remote
RS2 wave packet — which is exactly what RS2 supplies and Einstein–Cartan does not.

Aharonov–Bohm. The Aharonov–Bohm effect [19] remains a clean control for readout in-
completeness: equal local curvature can coexist with different gauge-invariant holonomy and
different interference phases. But holonomy is already a standard observable of four-dimensional
gauge theory. The effect shows that a curvature-only state is incomplete; it does not show that
a deeper source ontology has been observed. It is the correct model for “the readout you chose
was too small,” not for “there is a hidden dimension.”

14 Empirical discrimination

14.1 A pre-registered model test

Fit the three phenomenological coefficients of (82)–(83) without using RS2 in the fits, and form
the null combinations

D1 = AΦ − 2AΨ, D2 = 24B − κ44AΦ. (115)

Minimal RS2 predicts D1 = D2 = 0 with AΦ, AΨ, B ≥ 0.

Remark 14.1 (These are consistency tests, not a detection criterion). Pure four-dimensional
GR has AΦ = AΨ = B = 0 and passes both nulls trivially. Discrimination from GR requires
at least one statistically significant positive coefficient together with consistency of the others.
The coefficients must be fit from independent observables, with the functional forms fixed before
examining residuals.

In the nonrelativistic sector,

∆|a|
|a|

=
3AΦ

r2
+O(r−4), (116)

whereas relativistic propagation probes Φ + Ψ and therefore the different combination (AΦ +
AΨ)/2 = 3AΦ/4. The two probes are not degenerate, which is what prevents a single rescaling
of G4M from absorbing the signal.

Short-range torsion-balance experiments already test the inverse-square law at submillimetre
separations [16]. Such data should be fitted to the full RS2 KK spectral potential built from
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(56), convolved with the extended attractor and detector geometry, rather than by translating
a Yukawa exclusion curve. The truncated 1/r3 potential may be used only after the fitted
parameter range verifies r ≫ ℓ; near r ∼ ℓ it is uncontrolled. Primordial-abundance and
expansion data constrain the nonstandard high-density expansion and the separate radiation-
like term [17]. A combined analysis must fit B and µ separately : during radiation domination
ρ2 ∝ a−8 whereas dark radiation scales as a−4, so a single-epoch expansion residual can mix
their amplitudes, but multi-epoch data and equation-of-state transitions separate them.

This is a falsification test, not a discovery forecast. Existing short-distance bounds already
make the corresponding high-energy cosmological term small at late epochs, and a simultaneous
precision measurement of both static potentials at microscopic distances is technically difficult.
At present the cross-regime relation is more useful as a consistency condition on any claimed
anomaly than as a near-term detection channel.

14.2 Spectral test

A time-dependent brane source couples to a massless pole plus a continuum. A response mea-
surement with sufficient bandwidth could compare a finite-pole local model against the positive
KK spectral measure

ρKK(m) = um(0)
2 ≥ 0, m ∈ [0,∞). (117)

A resolved threshold continuum, or the corresponding power-law late-time tail, would exclude a
pre-specified finite-pole free or tree-level linear alternative. It would not exclude an interacting
four-dimensional conformal sector or continuum model, which has the same analytic structure
(Remark 6.1).

14.3 What no experiment of this kind can decide

No statistic constructed solely from induced brane fields can decide between RS2 and the exact
Tier-1 process functional built from RS2. This is not a limitation of experimental sensitivity;
it follows from equality of probability measures, (96). An experiment that couples directly to a
bulk coordinate could distinguish the source fiber, but it would thereby enlarge the observable
algebra and would no longer be confined to the readout used in the theorem.

15 Scope and regime of validity

The results derived above apply to the following physical domain and assumptions.

1. Bulk-state domain. The same-readout witness requires that admissible initial data include
normalizable bulk radiation. If the model definition fixes a unique stationary vacuum and
excludes all homogeneous incoming data, the witness lies outside the restricted domain. The
forced KK response and the effective-action equivalence remain, but the claimed instanta-
neous fiber must be reassessed for that domain.

2. Minimal action. A brane Einstein term, a Gauss–Bonnet term, additional bulk fields, finite
brane thickness, a second brane, or broken Z2 symmetry changes the junction condition, the
propagator, and the coefficient relation. In such theories D1 = D2 = 0 need not hold.

3. Positive-tension branch. The sign and stability statements use λ > 0. The negative-
tension branch can reverse kinetic signs or the effective Newton coupling; it is not a harmless
sign convention.

4. Homogeneous sector. Equation (48) assumes an FRW brane, conserved brane matter, and
no bulk matter flux. With bulk exchange, both ρ̇+3H(ρ+p) = 0 and U ∝ a−4 are modified.
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5. Weak-field sector. The coefficients AΦ, AΨ assume a static weak source, r ≫ ℓ, and the
regular retarded/no-incoming bulk condition. They are unreliable in the strong-field region
and at r ≲ ℓ.

6. The state parameter µ. Neither the sign nor the magnitude of µ is fixed by the pro-
jected brane equation. Positivity follows only after imposing a positive-mass regular AdS–
Schwarzschild bulk. Treating dark radiation as a universal fixed prediction would overstate
the model.

7. Observable versus decomposition. The induced metric and matter records are observ-
able; the split CRS = κ45Π − E is source-model dependent. A four-dimensional theory may
reorganize the same total response into different fields or a nonlocal kernel.

8. Unrestricted alternatives. Nonlocality, colored noise, a branch cut, or preparation depen-
dence does not by itself refute a Tier-1 theory. Each is permitted in the exact pushed-forward
history law (95). A contrary conclusion requires an independently imposed restriction —
finite-pole local quadratic dynamics, fixed perturbative content, or Markovianity. Locality,
or finitely many interacting fields, is not enough.

9. Flat-brane tuning. The cross-regime relation was derived at Λ4 = 0. A detuned or de Sitter
brane changes the background junction relation and can modify the weak-field coefficients.
Applying the flat-brane relation to a weakly curved universe is an approximation requiring
Hℓ≪ 1 and negligible curvature/detuning effects; it is not a complete late-time cosmological
fit.

Two further parameters are simply undetermined rather than failure modes. The numerical
value of ℓ — equivalently λ or κ5 once G4 is fixed — is not predicted; only bounds on it follow
from data. And the theory is a five-dimensional effective field theory, so nothing here constrains
its ultraviolet completion above the corresponding cutoff.

Decoupling limits. These are consistent. As ℓ → 0 at fixed G4: AΦ, AΨ → 0, λ → ∞, and
B → 0. As ρ/λ → 0, µ/(a4H2) → 0, and r/ℓ → ∞, ordinary four-dimensional GR is recovered
in every sector.

16 Conclusion

Minimal positive-tension RS2 contains a complete source-projection antecedent. In that model,
the projection from gauge-reduced bulk gravity to the instantaneous brane state removes genuine
gravitational degrees of freedom: a remote transverse-traceless bulk wave, whose existence is
established by an explicit KK spectral construction, supplies a same-readout, different-future
pair, so no deterministic evolution law exists on that instantaneous state over the full source
domain. Gauss–Codazzi projection and Israel matching derive, rather than posit,

CRS
µν = κ45Πµν − Eµν . (118)

Its local nonlinear part gives the exact positive ρ2 correction; its bulk Weyl part carries the
completion data and the retarded KK memory. The same source scale ℓ fixes the leading weak-
field potentials, producing the parameter-eliminated relation

AΨ = AΦ/2, B = κ44AΦ/24, (119)

a genuine, falsifiable residue linking two otherwise independent observational regimes. This is
the strongest quantitative result obtained here.
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The strongest possible interpretation is nevertheless bounded by Lemma 11.1: every source
model induces, by pushforward, a brane-only path law with identical brane statistics, and RS2
makes that obstruction concrete through its four-dimensional CFT description, which reproduces
the same 1/r3 residue. The result is therefore positive at the level of model-relative source
projection and nonclosure, and negative at the level of unrestricted ontological discrimination.
Absent an independently motivated restriction on the admissible brane-only theory class, no
brane observation can establish that the source representation is ontologically fundamental; and
establishing that nature realizes this antecedent at all requires empirical selection of RS2, or
of another source model with comparably specific residues. The conditions under which the
positive results hold are stated once, in Section 15.
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