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Abstract

We prove quantitative response estimates that retain coherent quantum sources, complete
physical currents, spectral poles and actual feedback. An ordered inverse lift converts temporally
regular form-dual forcing into a first-form response under common-form work bounds. A
finite spectral-window theorem controls varying Hilbert-space inputs, and ordered closed-form
resolvent identities transfer noncommuting physical-energy weights. Far-frequency and damped
estimates retain the endpoint and source-graph costs. Complementary force, invariant and
temporal-domain estimates distinguish valid current resources for singular interactions. In a
compact-profile electron–oscillator model, we derive the full Coulomb forcing measure and an
actual-source low-window sandwich below 4.05 × 10−9. A separate finite-time calculation bounds
the electron and source current differences by .046 and .004 in their respective coordinate lengths.
The spectral supremum is taken over the actual spectrum; a spectral floor supplies only an
upper bound. Full-source forcing compression and causal feedback are developed in appendices.
These results provide explicit analytic inputs to physical transport and record problems. Event
probabilities and a realized measurement apparatus require additional flow, preparation and
decoder premises.
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1 Introduction
An error estimate for a quantum amplitude becomes a physical transport estimate only after the
relevant derivatives, source coordinates and current constitution have been retained. This distinction
is especially important for a coherently driven continuum. A small omitted occupation does not
eliminate its interference current; a small omitted forcing does not eliminate response generated
by feedback; and an accurately resolved electronic transition does not determine the current of a
quantum source. These are analytic questions even before an experiment or a measurement record
is specified.

We develop a common set of quantitative interfaces for these questions. The complete wave
remains a vector on all admitted positions and internal degrees of freedom. Its error is controlled in a
form that dominates the physical kinetic derivatives, then converted to the full coherent current. The
response may be driven by an unbounded coupling, contain genuine bound poles and a continuum,
and receive a time-dependent vector input from another interacting block. We retain the input of
the coupled evolution throughout.

There are three main results. First, an ordered inverse lift converts temporally regular form-dual
forcing into a first-form response under absolutely continuous common-form work bounds. It avoids
a weighted inverse-square-root derivative that is not uniformly controlled in dimension. Second,
an operator spectral-window estimate controls a varying Hilbert-space input. The proof uses
interval means, spectral derivatives and orthogonal output sectors; it does not replace the vector
input by a scalar supremum. Ordered resolvent identities then transfer genuinely noncommuting
physical-energy weights, while explicit far-frequency dressings retain both endpoints. Third, a
compact-profile electron–oscillator model supplies an analytic Coulomb spectral calculation, an
actual-source inverse bound and a complete finite-time current calculation with source feedback.

Several complementary results make these interfaces usable. A spatial force estimate retains
covariant strain, curvature and first-order transport. A temporal common-domain estimate instead
accepts a residual without a spatial form norm and retains its right clock. An exact positive quadratic
invariant supplies a comparison form even through an inverted trap interval. The appendices preserve
a spatial forcing compression with arbitrary source coefficients and the causal high-sector feedback
that such compression must not erase. Each has its own input hypotheses; choosing the smallest
coefficient from incompatible estimates would not be a valid composition.

1.1 Relation to established methods and prior work

The functional-analytic ingredients have substantial precedents. Kato’s smoothing and factorized-
resolvent framework [6] and its inhomogeneous development [7] motivate the relation between
response and resolvents. Our fixed positive imaginary part is an earned finite-resolution coefficient,
not a claim of a uniform limiting-absorption estimate. Common-form propagation belongs to the
classical evolution theory of Kisyński [8]; we give the argument for the precise absolutely continuous
relative-work assumptions used here. Common operator-domain regularity, used in the separate
temporal graph theorem, is discussed in [9]. We keep these two kinds of domains distinct.

The oscillator invariant is classical [12, 13]; its contribution here is an explicit physical-current
metric with the centroid and mass factors preserved. The Coulomb functions and their normalization
are standard [10]; the spectral calculation is included to make the forcing measure and source-
weighted bounds reproducible. Isolated-band constructions such as [11] require their own symbol
classes and gap hypotheses. Neither a finite column corrector nor a frozen internal gap is asserted
here to supply such a band reduction of the complete position/source parent.

The current October research editions of the measurement programme include equilibrium and
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nonequilibrium record constructions [4, 5]. Those works ask which original laws yield outcome
weights and whether a distinct receiver preserves an earlier actual event. Their apparatus constants
and preparation premises are not inputs to the estimates proved here. The new companion
manuscripts treat retained-archive preparation (P1) [1], effective repeated records (P2) [2], and
reference-compatible flows and whole-history stability (P3) [3]. The present response and current
estimates enter such arguments only when their model, entrance and flow premises agree. The
proofs below are independent of those companions; the specific flow application in Section 11.2 uses
the revised P3 theorem explicitly.

These new manuscripts remain distinct from both the current October website editions and
the preserved September editions. No integration into one apparatus is asserted. In particular,
assumptions of the pilot-medium and massive-configuration constitutions are not interchangeable.
The contribution here is the proved combination of response, derivative and complete-current
estimates under stated hypotheses, rather than a priority claim for their established individual
ingredients.

1.2 Conventions and the structure of the results

We use i∂tΨ = HΨ with H in rate units, unless reduced-mass atomic units are explicitly declared.
Hilbert-space norms include every physical source coordinate; a finite passive internal reference can
be included by tensoring the identity. A source wave or its quantum covariance is not an assumption
about an actual configuration law. Form inequalities always refer to the complete stated parent.

Section 2 first supplies the current and coordinate conversion. Sections 3–7 prove the form-dual,
spectral-window and ordered-resolvent results. Section 8 develops the alternative spatial-force,
invariant and temporal-domain estimates. Sections 9–11 give the hydrogenic example. Appendices A
and B preserve the full-source spatial compression and feedback mechanisms.

The hydrogenic example has Ω = .01, |g| ≤ 10−6 and a radius-40 compact dipole profile in its
specified units. Its low-energy physical resolvent sandwich is below 4.05 × 10−9 under the stated
source weight. A separate all-frequency, stronger-source-weight estimate gives, for the declared
entrance and T = 100, integrated electron and source current differences below .046 and .004 in their
respective coordinate lengths. The comparison uses the actual projected wave, including feedback.
It is not a second independently flowing wave, and these numbers are not probabilities.

2 From a coherent error to the complete physical current
We first state the conversion that every response estimate in this paper must supply. All positions,
including source positions, belong to x ∈ Rd. A finite internal fibre is allowed. A wave can also be a
matrix of finitely many input columns; all norms below are the spatial L2 Hilbert–Schmidt norms
in that case. This convention gives one envelope before contraction with an unknown input, rather
than a sum of incoherent branch currents. Write ImH Z = (Z − Z†)/(2i).

In rate units, consider a self-adjoint local parent with

H = −
∑︂

i

DiλiDi +U +V − i
∑︂

i

(︂
aiDi + 1

2∇iai

)︂
, Di = ∂i − iCi, ∇iX = ∂iX− i[Ci, X]. (2.1)

Here Ci, ai, V are Hermitian matrices, U is real scalar, and λi > 0 is independent of position;
dependence on time is allowed. Domains and coefficient regularity sufficient for the indicated
continuity equation are part of this parent. Its density and current are

ρΨ = Ψ†Ψ, Ji[Ψ] = 2λi ImH(Ψ†DiΨ) + Ψ†aiΨ. (2.2)
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The complete continuity equation is ∂tρΨ +
∑︁

i ∂iJi[Ψ] = 0; it also holds entrywise for the matrix
of input columns evolved by the same parent. Indeed, on a common local core, ∂t(Ψ†Ψ) =
i(HΨ)†Ψ − iΨ†HΨ. The Hermitian multiplication terms cancel. The covariant product rule turns
the kinetic contribution into −

∑︁
i ∂i[2λi ImH(Ψ†DiΨ)] and the symmetrized first-order contribution

into −
∑︁

i ∂i(Ψ†aiΨ). Testing and passage in the admitted form domain give the weak identity.
Thus the first-order term contributes a literal transport current; omitting it would change the
conservation law. Additional microscopic spin-curl or nonlocal current constitutions require their
own terms; they are not consequences of (2.1).

Proposition 2.1 (Complete coherent current conversion). Let Ψ = P + E use the same derivative
and current constitution, and let a positive form K satisfy K ≥

∑︁
i λiD

†
iDi. Put

e = ∥E∥, Q = ∥K1/2E∥, N = ∥Ψ∥, τi = ∥
√︁
λiDiP∥.

Whenever the displayed moments are finite,∫︂
∥ρΨ − ρP ∥op ≤ e(∥P∥ +N), (2.3)∫︂

∥Ji[Ψ] − Ji[P ]∥op ≤ 2
√︁
λi(eτi +NQ) + e

(︁
∥aiP∥ + ∥aiΨ∥

)︁
. (2.4)

If ai is bounded, the last term is at most ∥ai∥∞e(∥P∥+N). Neither normalization nor an independent
flow for the comparison P is required.

Proof. Before any spatial integration, the exact identities are

ρΨ − ρP = E†P + Ψ†E

and

Ji[Ψ] − Ji[P ] = 2λi ImH

(︂
E†DiP + Ψ†DiE

)︂
+ E†aiP + (aiΨ)†E.

The operator norm of a product is bounded by the product of its Hilbert–Schmidt norms, and
∥ ImH Z∥op ≤ ∥Z∥op. Spatial Cauchy–Schwarz and

√
λi∥DiE∥ ≤ Q give the claims. Hermiticity

moves the unbounded ai in the last term onto Ψ, so no unproved bounded-operator coefficient or
moment of aiE has been inserted.

For a charged particle with physical momentum pph = −iℏ∂, dividing its Hamiltonian by ℏ gives
λi = ℏ/(2Mi) and Ci = eiAi/ℏ. A symmetrized mechanical term {pph, d×B}/(2Mℏ) in the rate
generator has a = (d×B)/M : there is no additional factor 1/ℏ in its velocity. An unbounded dipole
or source operator must be handled by the moments in (2.4).

Example 2.2 (Small wave error with unbounded current error). On the circle of length 2π, let
Ψ = (2π)−1/2 and

Pn(t, x) = 1 + n−1ein2x−iλn4t√︁
2π(1 + n−2)

, n ≥ 2.

Both are normalized solutions of i∂tu = −λ∂2
xu, and ∥Pn − Ψ∥ ≤ 2/n. Nevertheless

J [Pn] = 2λ
2π(1 + n−2)

(︂
n cos(n2x− λn4t) + 1

)︂
,

so ∥J [Pn] − J [Ψ]∥L1 ≥ 2λ(2n/π − 1)/(1 + n−2) → ∞. The missing resource is derivative control,
not a sharper wave-norm inequality. This example even uses two legitimate free waves.
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2.1 Coordinates, moving tests and the original law

Proposition 2.3 (Current under a moving coordinate chart). Let (t, x) ↦→ χt(x) be jointly C1, with
each q = χt(x) an orientation-preserving diffeomorphism. Put G = Dxχt and g = detG > 0. A
locally integrable laboratory density/current pair (ρ, j) satisfying the continuity equation transforms
to ˜︁ρ = g ρ ◦ χt, ˜︁j = gG−1 (j ◦ χt − (ρ ◦ χt)∂tχt) . (2.5)

These obey the transformed continuity equation. In particular a moving surface F (t, q) = n(t) · (q −
C(t)) − s, |n| = 1, has relative normal flux

j · n+ ρn′ · (q − C) − ρn · C ′. (2.6)

Proof. For a compactly supported smooth test φ(t, x), set ψ(t, q) = φ(t, χ−1
t (q)). The chain rule

gives ∇qψ = G−T ∇xφ and ψt = φt − ∇xφ · G−1χ′
t. Insert these in the weak continuity equation

and use dq = g dx. This proves (2.5) without a componentwise guess at the current. The derivative
along a laboratory path is dF/dt = Ft + (j/ρ) · ∇F ; since |∇F | = 1, its density-weighted normal
rate is (2.6).

The chart formula fixes the transport part of a transformed current. A position-dependent
internal unitary also transforms the connection; one must conjugate the whole parent and include
that derivative. Integrating hidden source positions first is generally insufficient: |

∫︁
j dy| ≤

∫︁
|j| dy

may discard counterflow or coherent terms needed by a trajectory test.
To state the event interface precisely, suppose the complete current already admits a reference

path law with one-time density ρ and velocity j/ρ, and the original actual law satisfies µ0 ≤ Cρ0.
Reweight that same path law by its entrance density ratio. Admit tests h for which t ↦→ h(t,Xt) is
absolutely continuous on almost every reference path, with derivative ht + (j/ρ) · ∇h, and for which
the integral below is finite. For example, C1 tests with this integrability have the required chain
rule. Then

Eµ0 Var[0,T ] h(t,Xt) ≤ C

∫︂ T

0

∫︂
|ρ ht + j · ∇h| dq dt. (2.7)

Indeed, the chain rule along reference paths, entrance domination and Tonelli’s theorem prove
this in that order. If ht + bref · ∇h = 0, the integrand becomes |∇h · (j − brefρ)|. Comparison to
jref = brefρref therefore costs both j−jref and bref(ρref −ρ). An event estimate additionally needs the
test’s guard width, initial bad mass, interval, decoder and own reference crossings. Flow existence
and reference-compatible selection are separate premises, studied in the companion flow paper [3].
Equations (2.4) and (2.7) do not assign a new actual law at an intermediate time. The domination
premise concerns the complete original joint law, including retained source and archive coordinates.
Absolute continuity alone supplies no finite value of C, and an averaged conditional bound supplies
no uniform guarantee after arbitrarily rare postselection.

A sharp surface requires an appropriate trace and crossing area formula; a volume L1 current
estimate or an almost-every-level coarea statement does not by itself control flux at a prescribed
surface. Smooth guard tests can instead bound a traversal that changes h by a stated positive
amount. Tangential contacts and moving guards must satisfy their own chain-rule or crossing
premises. All such estimates concern the full time interval in (2.7).
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3 Temporal dressing in the physical form dual
Response estimates must keep the input that actually drives the complement. For an admitted fixed
block decomposition HP ⊕ HQ, the equation

iq̇ = Aq + Lp

uses the actual p = PΨ, including its feedback through q, source phases and clock dynamics. An
incident population or a frozen electronic amplitude is not a substitute for this vector. Throughout
this section energies are in the units of iq̇ = Aq + f ; a physical Hamiltonian must be divided by ℏ if
time is measured in seconds.

Let V ⊂ H ⊂ V∗ be a dense separable Hilbert form triple, with the usual pivot identification. A
positive form K ≥ I identifies V with DomK1/2 and gives the dual norm ∥f∥V∗,K = ∥K−1/2f∥H.
Here the square root on a dual vector is its continuous extension, rather than an assertion that
f ∈ H. We use the same letter for a self-adjoint operator and its continuous form map V → V∗

when the domain makes the meaning unambiguous.

Assumption 3.1 (Common physical form and relative work). On [0, T ], A(t) is associated with a
closed Hermitian form at on the same V. There is a real bounded absolutely continuous scalar c(t)
such that

kt = at + c(t)⟨·, ·⟩, K(t) = A(t) + c(t) ≥ I.

The kt norms are uniformly equivalent to one fixed form norm. For fixed u, v ∈ V, kt(u, v) is
absolutely continuous, with a strongly measurable form derivative and its integral identity, satisfying

|k̇t(u, v)| ≤ ν(t)∥K(t)1/2u∥∥K(t)1/2v∥, ν ≥ 0, ν ∈ L1(0, T ). (3.1)

Strong measurability here includes that the derivative applied to any fixed form vector is measurable
in V∗.

The shift is an estimate of positivity, not a spectral gap at an incident energy. Nor does this
assumption require an operator-norm derivative of a point-Coulomb force. Classical common-form
evolution under smoother form hypotheses goes back to Kisyński [8]. We give the conforming
argument for the precise absolutely continuous relative-work assumptions used here.

Lemma 3.2 (Homogeneous common-form propagation). Under Assumption 3.1 there is a unique
unitary propagator U(t, s) on H. It preserves V and, for s ≤ t,

∥K(t)1/2U(t, s)v∥ ≤ exp
(︃1

2

∫︂ t

s
ν(r) dr

)︃
∥K(s)1/2v∥, v ∈ V. (3.2)

For v ∈ V its trajectory is continuous in H, bounded in V, and solves i∂tU(t, s)v = A(t)U(t, s)v in
V∗.

Proof. Fix a reference form K∗ and let Pn = 1[1,n](K∗). These need not have finite rank. They are
contractions in its form and dual norms, converge strongly there, and their ranges lie in V. On
Hn = PnH, the restricted forms Kn(t) and An(t) = Kn(t) − c(t)I are bounded self-adjoint operators.
Uniform equivalence gives their local uniform operator bounds. The integral form identity and (3.1)
give absolute continuity in operator norm on each such subspace. The integral equation for the
bounded-operator ODE is solved by successive approximations on short intervals and concatenation;
its Hermitian generator gives a unitary evolution.
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Let un(s) = Pnv. Differentiation of its form energy yields

d

dt
⟨un,Knun⟩ = k̇t(un, un).

The two evolution terms cancel because An = Kn − cI. Applying (3.1) and Gronwall gives (3.2) for
un, with Pnv at the entrance. In particular un is uniformly bounded in V. Its derivative, viewed in
the full dual by testing against Pnw, is uniformly bounded in V∗.

Weak compactness, followed by a diagonal argument on a countable dense set of form test vectors,
gives a limit u weakly continuous in H and weakly bounded in V, with u(s) = v. In the integrated
equation each test Pnw converges strongly in V; uniform boundedness of the forms therefore gives
iu̇ = A(t)u in V∗. At every fixed time weak lower semicontinuity of kt gives the asserted energy
bound. This passage uses conforming compressions of the same forms.

We recall explicitly the norm fact that makes this weak construction unique. If w ∈ L2(V) and
ẇ ∈ L2(V∗), then

∥w(t)∥2 − ∥w(s)∥2 = 2 Re
∫︂ t

s
⟨ẇ(r), w(r)⟩ dr, (3.3)

and w has a continuous H representative. One obtains this by time smoothing: for smooth V-valued
functions it is the product rule; Cauchy–Schwarz in the dual pairing passes the integral under
convergence in L2(V) and W 1,2(V∗). The same product rule, integrated from a time whose norm is
bounded by its time average, bounds the supremum of the H norm by these two space norms. It
consequently supplies continuous traces and justifies the endpoint passage as well.

Apply (3.3) to the limit and to differences of solutions. Hermiticity gives Re⟨−iA(t)w,w⟩ = 0,
proving norm conservation and uniqueness before any strong-convergence claim. Construction
backwards from any terminal form vector gives an inverse evolution. Density extends the isometries to
mutually inverse unitaries on H. Uniqueness gives their composition rule and strong continuity. The
displayed energy bound proves invariance of V. It also gives weak measurability there; separability
gives the strong measurability needed for the form-valued integrals below.

Theorem 3.3 (Ordered inverse dressing for dual forcing). Under Assumption 3.1, let q0 ∈ V and
f ∈ W 1,1(0, T ; V∗). Define

ℓ(t) = K(t)−1/2f(t), h(t) = K(t)−1/2ḟ(t), N(t) =
∫︂ t

0
ν(s) ds.

Then iq̇ = A(t)q+ f , q(0) = q0, has a unique solution in C([0, T ]; H) ∩L∞(0, T ; V). The inverse lift
g = K−1f belongs to W 1,1(0, T ; V) and obeys the ordered identity

ġ = K−1ḟ −K−1K̇K−1f, K1/2ġ = h− Ctℓ, Ct = K−1/2K̇K−1/2. (3.4)

For z = q + g and Ez(t) = ∥K(t)1/2z(t)∥,

Ez(t) ≤ eN(t)/2
[︃
Ez(0) +

∫︂ t

0
e−N(s)/2{(|c| + ν)∥ℓ∥ + ∥h∥}(s) ds

]︃
, (3.5)

∥K(t)1/2q(t)∥ ≤ Ez(t) + ∥ℓ(t)∥. (3.6)

The actual entrance term is Ez(0) = ∥K(0)1/2(q0 +K(0)−1f(0))∥.

Proof. Uniform equivalence and coercivity make each K(t) a bounded isomorphism V → V∗. The
exact inverse difference identity is

K(t)−1 −K(s)−1 = −K(t)−1[K(t) −K(s)]K(s)−1.
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The relative-work bound makes its norm difference bounded by a constant times
∫︁ t

s ν. For a fixed
dual vector, the resulting inverse path is absolutely continuous into the Hilbert space V. Strong
differentiation of the form identity on fixed vectors, the inverse difference identity, and uniform
boundedness therefore give (K−1)′f = −K−1K̇K−1f on fixed vectors. For completeness, one can
choose a common full-measure set first on a countable dense set of form vectors, then use the
integrable relative bound and Lebesgue differentiation to extend the difference quotient to each
vector. Approximating the absolutely continuous path f by simple derivatives proves the product
rule for K−1f . This establishes (3.4) in V. Its second equality is a form-Riesz identification; no
derivative of K−1/2 has been taken.

Since A = K − cI, direct substitution gives
iż = A(t)z + r, r = cg + iġ ∈ L1(0, T ; V). (3.7)

Indeed
∥K1/2r∥ ≤ (|c| + ν)∥ℓ∥ + ∥h∥.

These terms are integrable: f is bounded in the fixed dual norm, ḟ is integrable, and the form
norms are uniformly equivalent.

Use Lemma 3.2 to define the form-valued Duhamel integral

z(t) = U(t, 0)(q0 + g(0)) − i

∫︂ t

0
U(t, s)r(s) ds.

Its form norm is bounded by the right side of (3.5). Fubini in the form-dual weak equation
verifies (3.7); the usual Hilbert-space Duhamel integral is the same vector, so z is continuous in H.
Subtracting g gives the asserted solution q. The difference of any two such solutions has derivative
−iA(t)w in L∞(V∗); the norm chain rule makes it zero when its entrance is zero. This proves
uniqueness and both inequalities.

The estimate trades temporal regularity in the form dual for spatial first-form control. It does
not require f ∈ V or Af ∈ H. For an actual coupling f = L(t)p(t), sufficient explicit input contracts
are

∥K−1/2LF−1∥ ≤ b(t), ∥K−1/2L̇F−1∥ ≤ b1(t),
∥ℓ∥ ≤ b∥Fp∥, ∥h∥ ≤ b1∥Fp∥ + b∥F ṗ∥. (3.8)

Here F ≥ I is a fixed input graph and the products and derivatives must hold on their stated
domains. The last quantity is a property of the coupled input, not of a frozen occupation. A
changing F adds its own derivative or commutator.
Corollary 3.4 (Retained internal right clock). For a Hilbert–Schmidt factor satisfying iq̇ =
Aq − qD + f , with fixed bounded Hermitian right clock D, the same argument applies with

r = K−1{iḟ + cf + fD − iK̇K−1f}.

In (3.5) its inhomogeneous norm can be bounded by ∥K−1/2(iḟ + cf + fD)∥HS + ν∥ℓ∥HS.
Proof. With z = q+ g, substitution gives iż = Az− zD+ cg+ gD+ iġ. Right multiplication by the
clock unitary removes −zD and preserves Hilbert–Schmidt norms, including the physical left form
norm. Apply the preceding Duhamel estimate and substitute (3.4).

Only a bounded physical-coordinate-independent internal clock is covered by this corollary. An
unbounded right source clock needs its own graph contract. A positional purifier cannot be changed
into an internal index just because the Hilbert-space expressions have the same size. The scalar c is
not free: it appears in the full combination iḟ + cf + fD, while ċ already belongs to K̇. Phases
may cancel a term only through that complete physical combination.
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3.1 Two sharp boundaries of the temporal argument

Example 3.5 (Continuous dual forcing need not give a wave). On ℓ2(n ≥ 2) let An = n2,
Kn = n2 + 1, and ℓn(t) = n−1e−in2t. Dominated convergence makes ℓ(t) continuous in ℓ2; hence
f = K1/2ℓ is continuous in V∗. Its zero-initial causal solution has components

qn(t) = −it
√
n2 + 1
n

e−in2t.

For every t > 0 these are not square summable. Thus a bounded form-dual coupling and continuous
input alone do not give a physical Hilbert-space response. The time-derivative hypothesis in
Theorem 3.3 fails.

Proof. The dual group is diagonal, so substitution in the causal integral gives the displayed formula.
Its component magnitude tends to t. On the other hand the derivative of ℓn has magnitude n, so it
cannot supply the required integrable dual derivative of f .

Proposition 3.6 (Why an inverse square root is not the lift). The relative form-speed condition
does not give a dimension-independent bound on K1/2(K−1/2)′. It does give an ordered bounded
inverse derivative as in (3.4).

Proof. In a finite eigenbasis, write K̇ = K1/2CK1/2 and Kii = λi > 0. Differentiate (K1/2)2 = K
and then its inverse; the Sylvester equation gives

(K−1/2)′
ij = − Cij√

λi +
√︁
λj
,

[K1/2(K−1/2)′]ij = −
√
λiCij√

λi +
√︁
λj
.

The first kernel equals −
∫︁∞

0 e−sK1/2
Ce−sK1/2

ds, so its norm is at most ∥C∥/(2
√
λmin). The warning

concerns the second, weighted derivative.
Take λj = 4j and the Hermitian matrix Cij = i/[π(i− j)] for i ≠ j, Cii = 0, on indices 1, . . . , N .

Its norm is at most one: it is a compression of the convolution operator on ℓ2(Z) whose Fourier
multiplier is, up to its sign, (θ − π)/π on (0, 2π). This follows by integrating the Fourier series of
the sawtooth, or by Abel summing

∑︁
d̸=0 e

idθ/d = i(π − θ). For the unit vector v = N−1/2(1, . . . , 1),
pairing the two off-diagonal entries at separation d gives⃓⃓⃓⟨︂

v,K1/2(K−1/2)′v
⟩︂⃓⃓⃓

= 1
πN

N−1∑︂
d=1

(N − d) tanh(d log 2/2)
d

.

For 2 ≤ d ≤ N/2, the hyperbolic tangent is at least 3/5 and (N − d)/N ≥ 1/2. The harmonic sum
diverges, proving the assertion. These are actual positive paths K(s) = K(0)1/2(I + sC)K(0)1/2,
|s| ≤ 1/2. Since K(0) ≥ 4I, these obey K(s) ≥ 2I; their relative speed is bounded by (1−|s|)−1 ≤ 2.
The ordered full inverse in the theorem avoids this weighted-square-root obstruction.

4 A finite spectral window with a varying coherent input
We next fix the complete self-adjoint complement A. Its Hilbert space may contain continua and
all quantum source coordinates. Let U be the input Hilbert space, B : U → H bounded, and
a ∈ L2(0, T ; U). The zero-initial response is

qB(t) = −i
∫︂ t

0
e−iA(t−s)Ba(s) ds. (4.1)
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A spectral sector can be included by replacing B with CB for a spectral projection C of A. The
input may change direction arbitrarily in U .

Lemma 4.1 (An operator spectral measure on one interval). Let I = [α, α+ l), l > 0, and suppose
B∗EA(I)B ≤ mIU . For v ∈ H1(I; U), the spectral integral TIv =

∫︁
I EA(dλ)Bv(λ) satisfies

∥TIv∥2 ≤ 2m
{︂
l−1∥v∥2

L2(I) + l∥v′∥2
L2(I)

}︂
. (4.2)

Proof. Let v̄ = l−1 ∫︁
I v be the Bochner mean. The fundamental theorem for Hilbert-valued H1

functions gives

v(λ) = v̄ +
∫︂

I
k(λ, ξ)v′(ξ) dξ, k(λ, ξ) = 1ξ<λ − α+ l − ξ

l
, |k| ≤ 1.

For every scalar b supported in I with |b| ≤ 1,

∥b(A)EA(I)B∥2 = ∥B∗EA(I)|b(A)|2B∥ ≤ m.

Consequently the spectral integral has the precise order

TIv = EA(I)Bv̄ +
∫︂

I
k(A, ξ)EA(I)Bv′(ξ) dξ.

For smooth v this follows by its displayed integral representation and bounded spectral calculus.
The same formula defines a continuous extension to H1. It gives

∥TIv∥ ≤
√
m
{︂
l−1/2∥v∥L2(I) + l1/2∥v′∥L2(I)

}︂
.

Squaring and using (x+ y)2 ≤ 2x2 + 2y2 proves (4.2). No common eigenvector of the input-valued
function or simultaneous diagonalization of the operator measure was assumed.

Theorem 4.2 (Finite-imaginary-part response window). For η > 0 define the positive operator

Mη(E) = 1
π
B∗ η

(A− E)2 + η2B. (4.3)

Suppose Mη(E) ≤ sηI for all real E, or at the centers of a partition into intervals of length 2η
covering the relevant spectrum. Then, for 0 ≤ t ≤ T ,

∥qB(t)∥2 ≤ 4π2sη(1 + η2t2)
∫︂ t

0
∥a(s)∥2 ds. (4.4)

Atoms, singular spectral measures and thresholds are allowed. The coefficient is an operator ceiling
for the complete input space, not a scalar response for one incident column.

Proof. On Ij = [Ej − η,Ej + η) the Poisson kernel in (4.3) is at least 1/(2πη). Hence B∗EA(Ij)B ≤
2πηsηI. Set

vt(λ) =
∫︂ t

0
eiλ(s−t/2)a(s) ds.

This Bochner Fourier transform is in H1(R; U), even though no derivative of a was required.
Hilbert-valued Plancherel gives

∥vt∥2
L2(R) = 2π

∫︂ t

0
∥a(s)∥2 ds,

∥v′
t∥2

L2(R) = 2π
∫︂ t

0
(s− t/2)2∥a(s)∥2 ds ≤ t2

4 ∥vt∥2
L2(R).
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The full spectral integral of vt differs from qB(t) only by −ie−iAt/2. This identity follows directly
by Fubini from (4.1). The outputs TIjvt lie in mutually orthogonal spectral subspaces. Apply
Lemma 4.1 with l = 2η, m = 2πηsη and sum:

∥qB(t)∥2 ≤ 2πsη∥vt∥2
2 + 8πη2sη∥v′

t∥2
2.

The Plancherel identities give (4.4). Orthogonality and monotone summation justify infinitely many
intervals without a dimension or number-of-channels factor.

The interval derivative term is substantive. A ceiling on B∗EA(I)B by itself cannot bound
a spectral integral of a changing vector by a dimension-free multiple of supλ ∥v(λ)∥2. The time-
centered Fourier representation is what supplies the derivative in this theorem. It is a derivative in
spectral energy, not a time-regularity premise on the actual input.

For intervals of half-width δ instead of η, the same proof gives

∥qB(t)∥2 ≤ 2π2sη
η2 + δ2

η
(δ−1 + δt2)

∫︂ t

0
∥a(s)∥2 ds. (4.5)

Indeed the interval measure costs m = π(η2 + δ2)sη/η and its length is 2δ. Thus the observation
window can be chosen to match an earned response table.

If B = LF−1, use a = Fp with the actual input. For F = I and a normalized full block evolution,∫︁ t
0 ∥p(s)∥2ds ≤ t; choosing η = 1/T gives the uniform ceiling 8π2s1/TT . If F is dimensionless and
L,A have inverse-time units, sη has inverse-time units, so this norm bound is dimensionless. An
atom of response weight w at λ0 has Mη(λ0) = w/(πη), whereas a resonant constant input can give
response wt2. The theorem retains that pole through sη; it does not convert it into a decay rate or
a gap.

4.1 Unbounded form coupling: near response and far dressing

Theorem 4.3 (Coherent near/far response in the physical form). Let A be fixed self-adjoint,
K = A+ c ≥ I, and F ≥ I a fixed positive input graph. Assume

B = K−1/2LF−1 : U −→ H is bounded.

Thus LF−1 = K1/2B is a bounded map into V∗, possibly not into H. Assume Fp ∈ L2(0, T ; U) for
the near-response statement. For J0 = [E0 − Λ, E0 + Λ], Λ > 0, let C = 1J0(A). For j = 0, 1 set

Bj = K(j+1)/2CB, Mj,η(E) = 1
π
B∗CKj+1 η

(A− E)2 + η2CB.

These Bj are bounded and Mj,η are positive operator spectral responses. If Mj,η(E) ≤ sj,ηI at the
required centers, the zero-initial near response satisfies

∥Kj/2qnear(t)∥2 ≤ 4π2sj,η(1 + η2t2)
∫︂ t

0
∥Fp(s)∥2 ds. (4.6)

Let
Rj = K(j+1)/2(A− E0)−1(1 − C)B.

If a0(s) = eiE0sFp(s) ∈ W 1,1(0, t; U), the far response satisfies

∥Kj/2qfar(t)∥ ≤ ∥Rj∥
{︃

∥a0(t)∥ + ∥a0(0)∥ +
∫︂ t

0
∥ȧ0(s)∥ ds

}︃
, (4.7)

∥R0∥ ≤
√︁

Λ + |E0 + c|
Λ ∥B∥, ∥R1∥ ≤

(︃
1 + |E0 + c|

Λ

)︃
∥B∥. (4.8)
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An original q0 ∈ V contributes the separate homogeneous term e−iAtq0, with its original form norm.
It is not part of (4.6).

Proof. The causal integral is first defined in V∗, where e−iAt is a unitary group in the K dual norm.
On the bounded spectral interval, multiplication by Kj/2C turns its forcing into BjFp. Apply
Theorem 4.2 to this bounded coupling to obtain (4.6).

On the far sector put D = A − E0. Commuting only functions of this same self-adjoint A,
integration by parts gives the exact identity

Kj/2qfar(t) = e−iE0t
{︃
e−iDtRja0(0) −Rja0(t)

+
∫︂ t

0
e−iD(t−s)Rj ȧ0(s) ds

}︃
. (4.9)

For an unbounded coupling, prove it first on bounded spectral cutoffs. The bounds below pass it to
the form-dual causal solution and also show that its right side is a physical Kj/2 vector. Taking
norms proves (4.7). The two displayed endpoints are the virtual dressings; neither can be dropped.

For x = |λ − E0| ≥ Λ and λ ∈ σ(A), positivity and the triangle inequality give 0 < λ + c ≤
x+ |E0 + c|. Therefore

√
λ+ c

|λ− E0|
≤
√︁

Λ + |E0 + c|
Λ ,

λ+ c

|λ− E0|
≤ 1 + |E0 + c|

Λ .

The spectral theorem proves (4.8) and the limiting integration-by-parts assertion. The homogeneous
term follows by linearity; it has unchanged K norm because K = A+ c commutes with A.

One may use M1,η ≤ kJ0M0,η, where kJ0 = supλ∈J0∩σ(A)(λ + c), if that additional factor is
charged. A smaller first-form response coefficient is a separate spectral calculation. For several
coherent couplings L(t) =

∑︁
α lα(t)Lα, apply the theorem to the stacked bounded map with input

(l1Fp, . . . , lmFp). Its full operator measure retains all off-diagonal responses. Summing independent
scalar channel rates would be a different statement.

The near estimate requires an L2 input but no input time derivative. The far estimate requires the
displayed derivative and endpoint dressings. Neither frozen spectral statement applies automatically
to a changing A(t). One must instead use Theorem 3.3, or prove a comparison with a fixed parent
and charge its actual forcing and form-dual derivative.

5 Ordered resolvents for an unbounded closed-form interaction
Theorem 5.1 (Closed-form factor transfer and physical weights). Let A0 and A = A0 +W ∗JW be
self-adjoint operators defined by closed semibounded forms on the same V, with equivalent positive
shifted form norms. Here W : V → Haux is bounded and J = J∗ is bounded on Haux. The adjoint
W ∗ maps Haux to V∗. Actual form closure is an assumption; a formal factorization alone does not
supply it.

For ζ = E + iη, η > 0, set

R0 = (A0 − ζ)−1, R = (A− ζ)−1, G0 = WR0W
∗, G = WRW ∗.

All products are bounded between the indicated form spaces, and

T = (I + JG0)−1 = I − JG, RW ∗ = R0W
∗T, G = G0T. (5.1)
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In particular

ImG = T ∗(ImG0)T = η(RW ∗)∗(RW ∗), (5.2)
(RW ∗)∗Tph(RW ∗) = T ∗[︁(R0W

∗)∗Tph(R0W
∗)
]︁
T. (5.3)

The second formula is an equality of bounded auxiliary-space forms for any positive closed physical
form Tph with V ⊂ DomT

1/2
ph continuously. No commutation with A0, A,W or J is required.

Proof. Choose K0 = A0 + c0 ≥ I. The spectral theorem gives the exact identity

∥K1/2
0 R0K

1/2
0 ∥ = sup

λ∈σ(A0)

λ+ c0
|λ− ζ|

< ∞. (5.4)

Thus R0 extends boundedly V∗ → V . The same argument with a positive shift of A and equivalence
of form norms gives this extension for R. Their form inverse identities therefore give both ordered
resolvent identities

R−R0 = −R0W
∗JWR = −RW ∗JWR0.

Sandwiching by W,W ∗ yields G − G0 = −G0JG = −GJG0. It follows by multiplication in the
displayed order that both products of I + JG0 and I − JG equal I. This proves invertibility and
the formula for T . The first resolvent identity now gives RW ∗ = R0W

∗(I − JG), proving (5.1).
For a self-adjoint resolvent, ImR = ηR∗R. The identity extends to dual inputs by continuity:

both sides define bounded sesquilinear forms on V∗, and Hilbert inputs are dense there. Sandwiching
with W ∗ proves the second equality in (5.2). Substitution of RW ∗ = R0W

∗T proves its first equality.
The same substitution into the quadratic form of Tph gives (5.3). Continuity of that form on V
justifies each product even when Tph is unbounded on H.

The resolvent inverse in this theorem exists off the real axis because the closed self-adjoint
parents exist. A Neumann criterion is sufficient for a quantitative bound, not necessary for the
identity:

∥JG0∥ ≤ θ < 1 =⇒ ∥T∥ ≤ (1 − θ)−1. (5.5)

If LF−1 = W ∗b with bounded b, an earned ImG0/π ≤ s0,ηI implies

1
π

Im[(LF−1)∗R(LF−1)] ≤ ∥b∥2s0,η

(1 − θ)2 I

when its full form-dual sandwich is used. Likewise (5.3) transfers an earned physical-energy resolvent
bound. Absorptive response alone does not replace that physical-energy bound. For a form-dual
coupling this is first a resolvent sandwich: one uses the bounded near factors of Theorem 4.3, or the
ordered temporal estimate below, rather than treating LF−1 as a bounded Hilbert-space coupling
without proof.

Equality in (5.4) is over the actual spectrum. Replacing it by a whole half-line above a spectral
floor gives an upper bound, not in general an equality. Spectral gaps matter for that distinction,
whereas the shift that makes K0 positive does not create such gaps. At a real eigenvalue no inverse
has been asserted. As η decreases, genuine poles and thresholds may make both the baseline response
and the quantitative inverse ceiling large.
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6 Damped temporal response with a noncommuting physical form
The physical derivative form generally does not commute with the interacting complement. It
may therefore be placed outside an actual resolvent, as below, but cannot be inserted into a scalar
spectral measure as though it commuted with every spectral projection. This use of a resolvent and
a time integral is related to the Kato smoothing framework [6, 7]. The statement here is at one
earned η > 0; it does not assert the uniform imaginary-part bounds required by a global smoothing
theorem.

Theorem 6.1 (Ordered damped response). Let A be fixed self-adjoint, K = A + c ≥ I, and
L = LF−1 : U → V∗ bounded. Let Tph ≥ I be a positive closed form whose domain contains V
continuously. For fixed η > 0 suppose the actual ordered sandwich satisfies the measurable bound

∥T 1/2
ph (A− E − iη)−1L∥2 ≤ Sη(E). (6.1)

For a ∈ L2(0, T ; U), extend the forcing by zero after T , and let q be its causal zero-initial form-
dual response. Define aη(s) = e−ηsa(s)1[0,T ](s) and use the unitary Fourier convention ˆ︁u(E) =
(2π)−1/2 ∫︁

R e
iEtu(t) dt. If the right side is finite, then∫︂ ∞

0
e−2ηt∥T 1/2

ph q(t)∥2 dt ≤
∫︂
R
Sη(E)∥ˆ︁aη(E)∥2 dE. (6.2)

In particular a uniform Sη(E) ≤ Sη gives the upper bound Sη∥aη∥2
2. A bound Sη(E) ≤ S0 + S1E

2

instead gives
S0∥aη∥2

2 + S1∥ȧη∥2
2, (6.3)

provided the actual zero extension aη belongs to H1(R; U).

Proof. The fixed group e−iAt is unitary also on the K form dual. The causal integral

q(t) = −i
∫︂ min(t,T )

0
e−iA(t−s)La(s) ds

is therefore a continuous V∗ vector. It is zero for negative times and bounded in that dual norm for
all positive times. Its damped extension qη = e−ηtq 1[0,∞) belongs to L2(R; V∗). Its value at zero is
zero, so differentiation creates no entrance delta distribution. Fourier transformation of the causal
equation, or Fubini applied to its damped convolution, gives the exact form-dual identity

ˆ︁qη(E) = −(A− E − iη)−1Lˆ︁aη(E). (6.4)

For almost every E the right side lies in V, hence in DomT
1/2
ph . The assumed finite integral

and (6.1) place it in the L2 graph of T 1/2
ph . Coercivity Tph ≥ I also places it in physical L2(H).

Fourier transformation commutes with this closed spatial operator: to see this, replace it by its
bounded spectral truncations, use Hilbert-valued Plancherel there, and pass by its closed graph
and monotone convergence of the graph norms. Thus inverse Fourier transformation identifies this
same dual solution as a physical L2(DomT

1/2
ph ) response. Plancherel and (6.1) prove (6.2). In this

argument the truncations are of Tph for the Fourier graph identity; none is commuted through A or
its resolvent.

For a uniform coefficient use Plancherel on aη. For the quadratic coefficient use ∥Eˆ︁aη∥2 = ∥ȧη∥2.
That equality requires the stated whole-line H1 condition and proves (6.3).
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The theorem gives an integrated first-form response, not an all-times pointwise form bound. If
the input is H1 inside [0, T ] but has nonzero endpoint values, its zero extension has delta derivatives
and is not H1(R). One must keep the endpoint dressings, as in (4.9) or Theorem 3.3, or prove a
physical pulse collar that removes those jumps. The endpoint problem cannot be repaired by simply
omitting the positive frequency-weighted term.

The physical finite-interval graph norm obeys

∥T 1/2
ph q∥L2(0,T ) ≤ eηT

(︃∫︂
R
Sη(E)∥ˆ︁aη(E)∥2 dE

)︃1/2
. (6.5)

If q0 ≠ 0, its homogeneous response must be added separately. For example, an earned Tph ≤ κK
and q0 ∈ V give (︃∫︂ ∞

0
e−2ηt∥T 1/2

ph e−iAtq0∥2dt

)︃1/2
≤
√︃
κ

2η∥K1/2q0∥.

Add this to the square root of the forced bound; the square of the sum, not the sum of squares, is
a generally valid full-response bound. For a noncoercive derivative form, replace it by I + Tph or
establish a separate Hilbert-norm sandwich. Temporal damping has neither projected out a bound
pole nor supplied a missing source graph.

7 Whole-form spatial and source derivatives
Temporal smoothing and spatial differentiation make different demands. The preceding theorems
do not require a spatial derivative of the forcing when their temporal or resolvent assumptions are
earned. A physical source derivative, however, must act on the complete coupled form and the
actual input; replacing that coordinate by a classical label changes the problem.

Proposition 7.1 (Ordered whole-form derivative). Let A and L = LF−1 be as in Theorem 6.1.
Let δi be either a parameter derivative on the common form domain, or a closed physical derivation
δiM = DQ

i M −MDP
i . For a parameter family, require strong difference-quotient convergence of

A in L(V,V∗) and of L in L(U ,V∗), with locally uniform bounds on these quotients and uniformly
equivalent nearby form norms. For a physical derivation, require domain-preserving translations or
local gauges for which the conjugated families satisfy these same conditions and realize the displayed
derivatives on a common core. Suppose the actual whole-form sandwiches are bounded:

∥K−1/2(δiA)K−1/2∥ ≤ αi, ∥K−1/2δiL∥ ≤ βi. (7.1)

For ζ = E + iη, η > 0, write Rζ = (A− ζ)−1 and Uζ = K1/2RζL. Then

δi(RζL) = Rζ{δiL − (δiA)RζL}, (7.2)

∥K1/2δi(RζL)∥ ≤ Jζ{βi + αi∥Uζ∥}, Jζ = sup
λ∈σ(A)

λ+ c

|λ− ζ|
. (7.3)

If ζ itself varies, add (δiζ)R2
ζL to (7.2).

Proof. For a parameter family, the form resolvent difference identity is

Rζ,ϵ −Rζ = −Rζ,ϵ(Aϵ −A)Rζ .

It is a bounded identity from V∗ to V. Strong differentiation on fixed vectors, uniform local form
bounds and the given difference-quotient hypothesis yield δiRζ = −Rζ(δiA)Rζ . Leibniz gives (7.2).
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For a physical derivation, conjugate by the domain-preserving translations/gauges first and apply
the same argument; differentiation on the common core is the commutator formula. Strong form
convergence and closedness of the physical derivative pass it to its admitted domain.

Insert a form Riesz map without changing order:

K1/2Rζ(δiA)RζL =
[︁
K1/2RζK

1/2]︁[︁K−1/2(δiA)K−1/2]︁Uζ .

The first factor has norm Jζ by the spectral theorem. The analogous factorization of the δiL term
proves (7.3). Differentiating A − ζ when ζ varies gives the stated extra term with its positive
sign.

For a literal input vector a, the corresponding physical derivative remains

DQ
i (RζLa) = [δi(RζL)]a+RζLDP

i a. (7.4)

Its second term cannot be erased by a response norm estimate. The graph and derivative domain of
a must be included. When F is covariantly constant, δiL = (δiL)F−1; otherwise

δiL = (δiL)F−1 − LF−1(δiF )F−1

on the admitted graph, with an additional bound for that second term. Gauge curvature, moving
frames, source kinetic terms and mobility commutators all belong to the whole forms in (7.1).
Differentiating a singular factor W is unnecessary and may be invalid even when the derivative of
the whole form W ∗JW is bounded.

For example, in three relative dimensions the Hardy inequality gives the legitimate whole
Coulomb force form

|⟨u, ∂Ri(g/|r −R|)v⟩| ≤ |g|∥u/|r −R|∥∥v/|r −R|∥ ≤ 4|g|∥∇ru∥∥∇rv∥.

With an earned K ≥ λrel(−∆r), its relative coefficient is at most 4|g|/λrel. The coefficient is the true
relative-mass kinetic coefficient; source-dependent center maps add their actual derivatives. This is
a form estimate, not an L2 operator bound on the force. Strong vector continuity or the stated
difference-quotient contract suffices; operator-norm continuity under translations is not assumed.

All statements above keep a fixed physical block chart. For a varying projector one must include
its domain-preserving transport and the moving frame term −iU∗U̇ . A nonlocal Hilbert-space band
unitary is not automatically an isometry of pointwise physical currents. Likewise a moving hard-core
boundary requires a proved domain transport before it enters a fixed-domain force identity.

8 Spatial force and temporal regularity as distinct current re-
sources

The form-dual estimates above and the following estimates solve different input problems. A residual
with a spatial form norm can be propagated using actual forces without paying an irrelevant constant
carrier energy. A residual with only a Hilbert norm can instead use temporal regularity and a
common strong domain. Neither hypothesis implies the other for singular interactions.
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8.1 A force estimate with covariant drift

Theorem 8.1 (Forced positive form with complete first-order work). Use (2.1) and K = −
∑︁

i λiD
2
i +

U ≥ I, with scalar U ≥ 1. Assume a common form domain, the true unitary propagator, and a
form-stable approximation justifying the commutators below. Suppose K ′ ≤ aKK as forms and, for
form vectors v, (︄∑︂

i

∥
√︁
λi(∇iV )v∥2

)︄1/2

≤ g0∥v∥ + g1∥K1/2v∥,

∥B∥ ≤ L, Bji =
√︂
λj/λi ∇jai,⎛⎝∑︂

j

∥
√︂
λjAjv∥2

⎞⎠1/2

≤ G0∥v∥ +G1∥K1/2v∥,

⃦⃦⃦⃦
⃦U−1/2∑︂

i

ai(∂iU)v
⃦⃦⃦⃦
⃦ ≤ u0∥v∥ + u1∥K1/2v∥,

where B acts on the coordinate direct sum, and

[Dj , Di] = −iΩji, Aj =
∑︂

i

(︂
−iaiΩji + 1

2∇j∇iai

)︂
.

All scalar coefficients are nonnegative and integrable. If iE′ = HE + r, E(0) is in the form domain
and r ∈ L1([0, T ]; DomK1/2), then

e(t) ≤ e0 +
∫︂ t

0
∥r(s)∥ ds =: E∗(t),

Q(t) ≤ eB∗(t)
[︃
Q0 +

∫︂ t

0
e−B∗(s)

(︂
β(s)E∗(s) + ∥K(s)1/2r(s)∥

)︂
ds

]︃
, (8.1)

B∗(t) =
∫︂ t

0
α(s) ds, α = 1

2aK + g1 + L+G1 + 1
2u1, β = g0 +G0 + 1

2u0.

Here e = ∥E∥ and Q = ∥K1/2E∥.

Proof. On a common smooth core, the product rule gives

i⟨v, [V,K]v⟩ = 2 Im
∑︂

j

⟨
√︂
λjDjv,

√︂
λj(∇jV )v⟩.

Let F = −i
∑︁

i(aiDi + ∇iai/2). In its written matrix order,

[Dj , F ] = −i
∑︂

i

(︂
(∇jai)Di + ai[Dj , Di] + 1

2∇j∇iai

)︂
.

In the derivative of the kinetic form, the self-adjoint F acting on DjE cancels, leaving

−2 Re
∑︂
ji

λj⟨DjE, (∇jai)DiE⟩ − 2 Re
∑︂

j

λj⟨DjE,AjE⟩.

Their absolute values are at most 2LQ2 and 2Q(G0e + G1Q). Also i[F,U ] =
∑︁

i ai∂iU , whose
quadratic form is bounded by Q(u0e+ u1Q). Thus, retaining the forcing,

(Q2)′ ≤ 2αQ2 + 2βeQ+ 2Q∥K1/2r∥.
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Regularize Q at zero and use Duhamel’s norm bound for e. The integrating factor proves (8.1).
For form data, set Rϵ = (I + ϵK)−1 and Kϵ = K(I + ϵK)−1. The ordered identities

K ′
ϵ = RϵK

′Rϵ, [V + F,Kϵ] = Rϵ[V + F,K]Rϵ

give the same inequality with Qϵ = ∥K1/2
ϵ E∥. Indeed ∥RϵE∥ ≤ e, ∥K1/2RϵE∥ ≤ Qϵ, and the

forcing is bounded by Qϵ∥K1/2r∥. Integrate before taking the monotone spectral limit ϵ ↓ 0. The
assumed conforming approximation supplies the propagator and commutator passage for unbounded
coefficients. Resolvent algebra alone does not prove those domain premises.

When ai = 0, this reduces to the spatial-force estimate with α = aK/2 + g1 and β = g0. A
covariantly constant carrier M(t) has ∇iM = 0 and contributes no spatial force. Its phase is still in
the true evolution. A laboratory-constant matrix can instead have [Ci,M ] ̸= 0 and must then be
priced. For a scalar dilation a = cx in one flat coordinate, the kinetic contribution is −2c∥∂xE∥2,
confirming the commutator sign. Spatially varying mobility or a discontinuous coefficient needs
additional terms or a different theorem.

8.2 A positive invariant when a quadratic trap is inverted

Proposition 8.2 (Transported quadratic form and physical coflow). Let H0(t) be a real scalar
Weyl-ordered quadratic rate Hamiltonian in z = (q, p), p = −i∂q, including its affine terms. Let S(t)
be its classical symplectic propagator and m(t) its affine classical solution. For any positive matrix
W0, set

W (t) = S(t)W0S(t)T , K(t) = 1 + 1
4(z −m)TW (t)−1(z −m).

Then K ≥ 1 and, as forms on the transported Schwartz core,

Kt + i[H0,K] = 0. (8.2)

For a pure Gaussian with phase gradient mp +R(q −mq), R = RT , and positive imaginary phase
matrix I, its covariance has blocks

W =
(︄
C CR
RC RCR+ I/2

)︄
, C = (2I)−1.

The invariant is therefore

K = 1 + 1
2

[︂
(p−mp −R(q −mq))T I−1(p−mp −R(q −mq)) + (q −mq)T I(q −mq)

]︂
.

Writing D0 = ∂ − i(mp +R(q −mq)) and Λ = 1
2I

−1, one has K ≥ D†
0ΛD0. The Gaussian ground

value of K is 1 + d/2.

Proof. If the classical quadratic generator is A = JG0, then W ′ = AW + WAT and (W−1)′ =
−ATW−1 − W−1A. The affine equation for m cancels the linear terms. Commutators of Weyl
quadratics equal their Poisson expressions, since higher Moyal derivatives vanish; these identities
prove (8.2). A positive quadratic matrix is a sum of squares of real linear canonical observables,
proving positivity. Factoring the displayed covariance as(︄

1 0
R 1

)︄(︄
C 0
0 I/2

)︄(︄
1 R
0 1

)︄

and inverting proves the form formula. Each centered Gaussian coordinate contributes 1/2 to its
quadratic ground value.
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This is established invariant mathematics [12, 13]; its role here is a positive error metric through
an inverted interval. It is dimensionless and does not replace the physical mass in the current. For
the same laboratory vector potential A0, define b0,i = (ℏmp,i + ℏ(R(q −mq))i − eiA0,i)/Mi. For any
true wave in that constitution,

ji[Ψ] − ρΨb0,i = ℏ
Mi

Im(Ψ†D0,iΨ).

Consequently its difference from the analogous expression for P is at most

ℏ
Mi

(︃
e∥D0,iP∥ +N

√︂
(Λ−1)iiQ

)︃
(8.3)

in integrated absolute value. The weighted coordinate Cauchy inequality proves the last factor. A
changed potential ∆A adds −eiΨ†∆AiΨ/Mi to the relative current.

For H = H0 + V with Hermitian multiplication V and form forcing r, the exact cancellation
(8.2) gives Q′ ≤ g1Q + g0e + ∥K1/2r∥ if ∥Λ1/2∇V v∥ ≤ g0∥v∥ + g1∥K1/2v∥. The proof is the
preceding commutator calculation, with no separate Kt loss. Resolvent regularization preserves
Kϵ,t + i[H0,Kϵ] = 0. A canonical drift rewritten in D0 also creates the multiplication term
a · (mp +R(q −mq)); its force and literal current remain. An internal-branch-dependent covariance
would produce further commutators and is outside this scalar invariant statement.

8.3 Temporal transfer with a retained internal clock

Theorem 8.3 (First-domain causal estimate with a form-controlled time derivative). Let H(t)
be self-adjoint on a fixed domain D, with t ↦→ H(t) ∈ L(D,H) continuously differentiable for an
equivalent fixed graph norm. Assume its unitary common-domain propagator is locally bounded in that
graph norm. Let Ds be a fixed finite Hermitian right-clock matrix, and write L(t)X = H(t)X−XDs.
For an absolutely continuous Hilbert–Schmidt residual r, with r′ ∈ L1, consider

iδ′ = Lδ − r, δ(0) = 0.

Suppose K = H + b(t) ≥ I and, on D,

∥(H ′ − ω′)v∥ ≤ c1(t)∥K1/2v∥ + c0(t)∥v∥

for a declared real differentiable scalar ω and integrable nonnegative c0, c1. For each T define

ET =
∫︂ T

0
∥r∥, ED,T =

∫︂ T

0
∥rDs∥, BT = sup

[0,T ]
|b+ ω|,

CT = BTE
2
T + ETED,T , GT =

∫︂ T

0
c1,

AT = sup
0≤t≤T

[︃
∥r(t)∥ + ∥r(0)∥ +

∫︂ t

0

(︃
∥r′ + iωr∥ + c0(s)

∫︂ s

0
∥r(u)∥ du

)︃
ds

]︃
.

When these quantities are finite, the causal solution belongs to the common strong domain and
satisfies

sup
[0,T ]

∥K1/2δ∥ ≤
√︁
ETAT + CT + 1

2ETGT . (8.4)

No spatial form norm of r and no application of H twice to δ is assumed.
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Proof. We first justify the domain, rather than use a formal H2 calculation. Set B(t) = (L(t) − i)−1.
It maps the Hilbert–Schmidt space boundedly into its common graph domain and B′ = −BL′B. If
U(t, s) is the two-sided propagator, integration by parts in the graph norm gives

δ(t) = B(t)r(t) − U(t, 0)B(0)r(0)

+
∫︂ t

0
U(t, s)

(︁
Br +BL′Br −Br′)︁ (s) ds. (8.5)

Indeed ∂sU(t, s) = iU(t, s)L(s) and iLB = i − B, so differentiating UBr recovers iUr minus the
displayed integrand. This is precisely the Duhamel error. The terms are graph-integrable; absolutely
continuous approximation in time proves the identity for the stated data.

Put η = (L − ω)δ − r. Testing against common-domain adjoint solutions, or using (8.5), yields
the mild identity

iη′ = Lη − i(r′ + iωr) + i(H ′ − ω′)δ, η(0) = −r(0).

It does not assert η ∈ D. Let ℓ = ∥(L − ω)δ∥, e = ∥δ∥ and Q = ∥K1/2δ∥. Unitarity and the
commuting right multiplication give e(t) ≤ E(t) =

∫︁ t
0 ∥r∥ and ∥δDs∥ ≤ ED(t) =

∫︁ t
0 ∥rDs∥. The

auxiliary equation and Kδ = (L − ω)δ + (b+ ω)δ + δDs therefore imply

ℓ(t) ≤ AT +
∫︂ t

0
c1Q, Q(t)2 ≤ ET ℓ(t) + CT .

For ET > 0, set M(t) = AT +
∫︁ t

0 c1Q. Then M ′ ≤ c1
√
ETM + CT , and differentiation of the square

root, with a positive regularizer if necessary, gives
√
ETM + CT ≤

√
ETAT + CT +ET

∫︁ t
0 c1/2. This

proves (8.4). If ET = 0, the causal error is identically zero.

The common-domain evolution premise is a standard nonautonomous evolution requirement; the
regularity equivalence in [9] is relevant to checking it. The estimate retains the actual right-clock
defect ED,T and the covariant temporal combination r′ + iωr. A large internal operator is not a
removable scalar phase.

For example, with Πj = pj − ej(A0,j + aj(t)) in physical units and rate generator Hkin =∑︁
j Π2

j/(2Mjℏ),
H ′

kin = −
∑︂

j

ej

Mjℏ
aj,t · Πj + i

∑︂
j

ej

2Mj
div aj,t.

If K dominates the complete kinetic form, bounded vector additions give the admissible coefficients

c2
1 =

∑︂
j

2e2
j∥aj,t∥2

∞
Mjℏ

, c0 =
∑︂

j

|ej |∥ div aj,t∥∞
2Mj

+ ∥(Vadd/ℏ)′ − ω′I∥∞.

A linear force Fj(t)xj is also allowed when fixed positive traps provide a position form: Young’s
inequality supplies a shift b ≥ 1 + ∥V −

add∥/ℏ+
∑︁

j F
2
j /(MjΩ2

jℏ) and domination of MjΩ2
jx

2
j/(4ℏ). Its

additional contribution to c2
1 is

∑︁
j 4|F ′

j |2/(MjΩ2
jℏ). A changing quadratic trap or an unbounded

source-coordinate field needs its actual stronger graph bound.

8.4 Singular residuals and a safe common-domain alternative

Proposition 8.4 (Coulomb residual and temporal coordinates). In three relative spatial dimen-
sions, let ϕ be a smooth Gaussian nonzero at a collision. Then |x|−1ϕ ∈ L2

loc but |x|−1ϕ /∈ H1
loc.
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Nevertheless, if V (x) = g/|x| is fixed in laboratory coordinates, P2(t, x) is a differentiable quadratic
comparison potential and ϕt is a polynomial times a smooth finite Gaussian family, then

f = (V − P2)ϕ, ft = −P2,tϕ+ (V − P2)ϕt

are locally in L2 and globally in L2 for the indicated Gaussian polynomial families. On a finite
parameter path with nondegenerate covariance they are continuous in L2. Under a homogeneous
point change x = L(t)X, with invertible L,

|∂t(g/|L(t)X|)| ≤ ∥L′L−1∥ |g|/|L(t)X|.

Proof. The radial square integrals near zero have orders
∫︁ 1

0 dr for 1/r and
∫︁ 1

0 r
−2dr for its leading

gradient. The nonzero Gaussian value prevents cancellation of the latter leading term. Polynomial
factors and Gaussian tails give the global L2 statements; local domination by an integrable r−2

square envelope and uniform Gaussian tail bounds prove continuity. Finally differentiation gives
−g x · (L′L−1x)/|x|3, proving the last inequality.

An exponentially small nonzero Gaussian value does not remove the divergent spatial derivative.
A translation that moves the collision point instead produces a 1/r2 temporal multiplier. The
homogeneous repair retains the physical centroid, linear force, boost and scalar action; recentering
them away may restore that moving singularity. These observations select a valid response method,
without claiming a small apparatus error.

For completeness a strong-graph variant applies when a changing trap has a graph-relative rather
than form-relative time derivative.

Proposition 8.5 (One graph by an ordered inverse lift). Let H(t) satisfy the common-domain as-
sumptions above, and let A = H+c ≥ aI for constants a > 0, c ≥ 0. Assume γ(t) = ∥H ′(t)A(t)−1∥ ∈
L1. For iE′ = HE + f , E(0) ∈ D and f ∈ W 1,1([0, T ]; H), set R(t) =

∫︁ t
0 γ. Then

∥A(t)E(t)∥ ≤ ∥f(t)∥ + eR(t)
[︃
∥A(0)E(0)∥ + ∥f(0)∥

+
∫︂ t

0
e−R(s)(︁(c+ γ(s))∥f(s)∥ + ∥f ′(s)∥

)︁
ds

]︃
. (8.6)

Proof. The auxiliary Y = AE+f obeys iY ′ = HY +cf+iH ′E+if ′; the terms containing Hf cancel.
Solve its Volterra equation using E = A−1(Y − f) and the bounded perturbation H ′A−1. The norm
inequality for Y and Gronwall give (8.6). This is also a rigorous construction: (A−1)′ = −A−1H ′A−1

verifies the original equation weakly for the constructed E, and uniqueness of the Hilbert mild
solution identifies it. No separate expression Hf is needed.

For a fixed laboratory Coulomb singularity and moving oscillator centres, the time derivative of
the Coulomb kernel is zero. The derivative of the trap is quadratic and linear in the laboratory
coordinates, so it can be graph-relative under the earned oscillator domain. Proposition 8.5, rather
than an unjustified spatial derivative of f , is then the relevant interface. A detector moving with
those centres still pays every term in (2.6).

9 A complete Coulomb forcing measure
This application keeps both the electron relative position and a quantum source coordinate. Its
first calculation concerns a fixed Coulomb reference, whose exact spectral measure can be evaluated.
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The second restores the actual source interaction and feedback. These are different estimates: a
continuum-only coefficient of the fixed reference cannot remove the poles or replace the coupled
resolvent of the actual parent.

Use reduced-mass atomic units and write

h = −1
2∆r − 1

|r|
, ϕ(r) = π−1/2e−|r|, f(r) = rzϕ(r). (9.1)

The Coulomb operator is self-adjoint on H2(R3) with form domain H1, ground energy −1/2 and
normalized ground ϕ. Its excited bound energies are En = −1/(2n2), n ≥ 2, with continuum [0,∞).
We use the usual Coulomb spectrum, not a newly inferred set of levels. Only the isolated forcing f
has the exact angular selection l = 1,m = 0; the actual coupled parent below retains every angular
sector.

Theorem 9.1 (Full spectral measure of the dipole forcing). The spectral measure of f under h is

µf =
∞∑︂

n=2
d2

nδ−1/(2n2) + 1E>0ρC(E) dE, (9.2)

where

d2
n = 256n7(n− 1)2n−5

3(n+ 1)2n+5 , (9.3)

ρC(k2/2) = 256
3

exp[−4 arctan(k)/k]
(1 + k2)5(1 − e−2π/k)

, k > 0. (9.4)

Its total mass and first (h+ 1) form moment are both one:∫︂
dµf = 1,

∫︂
E dµf = 0,

∫︂
(E + 1) dµf = 1. (9.5)

On the whole true continuum,

ρC(E) ≤ ρ∗, (1 + E)ρC(E) ≤ ρ∗, ρ∗ = 256
3e4 . (9.6)

Proof. With ψ = u(r)Y10(ˆ︁r)/r, the radial forcing and Friedrichs operator are

uf = 2√
3
r2e−r, h1 = −1

2∂
2
r + r−2 − r−1.

Integration of r4e−2r gives ∥f∥2 = 1. Direct differentiation gives h1uf = (−1/2 + 1/r)uf , whence
⟨f, hf⟩ = 0.

We specify the continuum normalization because an energy cross-section convention could
otherwise introduce a wrong Jacobian. The regular Coulomb function is normalized by its unit-
amplitude large-radius oscillation. In the standard convention [10],

uk(r) =
√︂

2/π F1(−1/k, kr),

F1(−1/k, kr) = C1(kr)2e−ikr
1F1(2 + i/k; 4; 2ikr),

C2
1 = 2π(1 + k2)

9k3(1 − e−2π/k)
.
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For H+
1 = G1 + iF1, the Wronskian in r is Wr(F1, H

+
1 ) = −k. The upper-boundary radial resolvent

kernel is
(h1 − E − i0)−1(r, r′) = 2

k
F1(−1/k, kr<)H+

1 (−1/k, kr>). (9.7)

Its derivative jump is −2, as required by the coefficient −1/2 in h1. Its imaginary part is
(2/k)F1(r)F1(r′). Stone’s formula therefore gives the measure ukuk dk, or ukuk/k per unit en-
ergy E = k2/2. The Coulomb asymptotics used to choose H+

1 are asymptotic statements at large
radius, not exact finite-radius equalities.

Here is the overlap calculation. Put a = 2+ i/k, s = 1+ ik, z = 2ik/(1+ ik). Laplace integration
of the confluent hypergeometric series, first in its absolute-convergence region and then by analytic
continuation, gives ∫︂ ∞

0
r4e−sr

1F1(a; 4; 2ikr) dr = 24s−5
2F1(a, 5; 4; z).

The coefficient identity (5)j/(4)j = 1 + j/4 implies

2F1(a, 5; 4; z) = (1 − z)−a
(︃

1 + az

4(1 − z)

)︃
.

The last bracket is 1/[2(1 − ik)]. Consequently the integral is

12
(1 + ik)5(1 − ik)

(︃1 − ik

1 + ik

)︃−2−i/k

.

The continuous logarithm of the ratio is −2i arctan k. Its contribution to the squared modulus is
e−4 arctan(k)/k. Multiplication by the normalized radial prefactors gives |⟨uk, uf ⟩|2 = kρC(k2/2). The
factor 1/k from Stone’s energy measure proves (9.4).

The normalized negative-energy eigenfunction in this channel is

un1(r) = 4r2

n3

√︄
(n− 2)!
(n+ 1)! e

−r/nL3
n−2(2r/n).

Insert L3
j = (4)j 1F1(−j; 4; ·)/j! into the same Laplace identity. The bracket is now n/[2(n− 1)] and

gives (9.3); in particular d2
2 = 32768/59049.

For completeness, the radial regular/decaying solutions have only the simple negative poles
−1/(2n2), n ≥ 2. Their residues give precisely these normalized eigenprojections. On every compact
positive-energy interval, (9.7) has continuous boundary values against the exponentially decaying
forcing, so its forcing measure there is absolutely continuous. A remaining singular measure could
only be supported at zero. The regular zero-energy solution is proportional to

√
r J3(

√
8r); its

large-radius oscillatory magnitude is of order r1/4 and it is not L2. Thus zero is not an eigenvalue
and supplies no atom. A singular continuous measure cannot be supported on a single point. This
proves completeness of (9.2). The already evaluated norm and first energy expectation now give
(9.5); numerical quadrature is not used to establish them.

To prove the whole-continuum ceiling, let A(k) = arctan k − k/(1 + k2). Since

d

dk

{︄
2k3

3(1 + k2) −A(k)
}︄

= 2k4

3(1 + k2)2 ≥ 0,

we have A(k) ≤ 2k3/[3(1 + k2)]. The logarithmic derivative of (1 + k2/2)ρC(k2/2) is consequently
at most

− 16k
3(1 + k2) + 2π

k2(e2π/k − 1)
.
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For k ≤ 1, use ex − 1 ≥ x3/6 to bound the positive term by 3k/(2π2); this leaves a strictly negative
margin. For k ≥ 1, use ex − 1 > x to bound it by 1/k, whereas the negative magnitude is at least
8/(3k). The threshold limit is ρ∗. This proves the weighted ceiling and hence the unweighted
one.

The bound lines are substantial. The formula gives n3d2
n −→ ρ∗ and En+1 −En ∼ n−3, matching

the threshold density. For n ≥ 100 one also has

d2
n ≤ 7

4n3 ,
∑︂

n>N

d2
n ≤ 7

8N2 .

For example the logarithm of the factor multiplying 256/(3n3) is at most −4 + 10/n ≤ −3.9,
and 256e−3.9/3 < 7/4 by a positive exponential Taylor sum. These tails can check a truncated
calculation; they do not turn the discrete spectrum into a continuum.

9.1 A continuum-only coherent response

Let
Hs = Ω

2 (−∂2
Y + Y 2), Us(t) = e−itHs , Ω > 0. (9.8)

The source input is a vector in its physical-coordinate Hilbert space, possibly tensored with an inert
finite internal reference.

Proposition 9.2 (Fixed-reference continuum response). For the fixed parent h+Hs and forcing
f ⊗ a(t), let qC(0) = 0 denote the electronic continuum response. Then

∥qC(t)∥2, ∥(h+ 1)1/2qC(t)∥2 ≤ 2πρ∗

∫︂ t

0
∥a(s)∥2 ds, (9.9)

∥H1/2
s qC(t)∥2 ≤ 2πρ∗

∫︂ t

0
∥H1/2

s a(s)∥2 ds (9.10)

whenever the displayed inputs are finite.

Proof. In the cyclic spectral representation generated by f , the continuum wave equals

qC(E, t) = −iF (E)e−iEtUs(t)
∫︂ t

0
eiEsUs(−s)a(s) ds, |F (E)|2 = ρC(E).

Extend the time input by zero outside [0, t]. Hilbert-valued Plancherel, integrated first on the whole
frequency line, gives the factor 2π for this unnormalized Fourier integral. Restricting to E > 0 and
using (9.6) gives both estimates in (9.9). The source form commutes its own propagation, so the
same argument applied to H1/2

s a gives (9.10).

For a = gY p, the last input is gH1/2
s Y p, in that order. It is not gY H1/2

s p. The source interaction
picture here is used only for the norm proof; it has not changed the physical source coordinate or
its current. The bound poles are excluded from this proposition and must be retained separately:
a Poisson-smoothed atom contributes d2

n/(πη) at its center. There is no uniform η-independent
full-spectrum density ceiling.
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10 The actual compact-profile electron–source parent
Choose a real radial cutoff with χR = 1 for |r| ≤ R, χR = 0 for |r| ≥ R + 1, 0 ≤ χR ≤ 1 and
|χ′

R| ≤ 8. Such a smooth flat cutoff is explicit: on 0 < t < 1 use

χR(R+ t) = 1 − e−1/t

e−1/t + e−1/(1−t) .

For t ≤ 1/2 its derivative is bounded by e2−1/t(t−2 + 4) ≤ 8; reflection treats the other half. Set

dR(r) = rzχR(|r|), d0 = ∥dR∥∞ ≤ R+ 1, H = h+Hs + gY dR, (10.1)

with real constant g. This is a prescribed compact-profile scalar parent. The finite annular
electrostatic density −ϵ0∆dR does not by itself construct its quantized source, field energy or
laboratory realization.

Lemma 10.1 (Physical domains and forcing tail). The parent (10.1) is self-adjoint on D(h)∩D(Hs)
and has form domain H1(R3 × R) ∩ {Y ψ ∈ L2}. It satisfies

H + 2 + g2d2
0

Ω ≥ I + 1
4p

2
r + 1

2Hs. (10.2)

For fR = dRϕ and R ≥ 40,

∥fR − f∥2 ≤ ϵ2R := e−2R
(︂

2
3R

4 + 4
3R

3 + 2R2 + 2R+ 1
)︂
, (10.3)

∥(h+ 1)1/2(fR − f)∥ ≤
√︁

41.5 +R−2 ϵR. (10.4)

At R = 40 these upper bounds are respectively 6 · 10−15 in norm and 4 · 10−14 in first-form norm.

Proof. Hardy and interpolation make Coulomb infinitesimally Laplacian bounded. The independent
electron and oscillator operators commute; after a common positive shift their sum has domain
D(h) ∩D(Hs). Since ∥Y ψ∥ ≤

√︁
2/Ω∥H1/2

s ψ∥ and dR is bounded, gY dR is infinitesimally operator
bounded relative to this sum. This proves the operator assertion and the corresponding common
closed form.

The square 1
4∥∇u+ 2ˆ︁r u∥2 ≥ 0 gives h+ 1 ≥ p2

r/4. Young’s inequality gives gY dR ≥ −ΩY 2/4 −
g2d2

0/Ω and Hs − ΩY 2/4 ≥ Hs/2, proving (10.2).
The omitted forcing is confined to r ≥ R and has magnitude at most that of uf . Integrating

(4/3)r4e−2r gives (10.3). For the radial error w = (χR − 1)uf , |u′
f | ≤ uf on this tail and therefore

|w′| ≤ 9uf . The positive upper bound on the remaining radial form potential is 1 + r−2. Thus

⟨w, (h1 + 1)w⟩ ≤
(︂

81
2 + 1 +R−2

)︂ ∫︂ ∞

R
|uf |2 dr,

which is (10.4). Reciprocal positive Taylor sums for e80 enclose the stated numerical tails.

The cutoff is essential to the actual source parent. With an uncut gY rz, completing the source
square leaves −g2r2

z/(2Ω). Electron packets translated to rz = L and source packets translated
to Y = −gL/Ω have energy tending to −∞. Thus no stable uncut source Hamiltonian is being
approximated here. Equations (10.3)–(10.4) compare forcing vectors, not complete actual parents.
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10.1 Exact blocks, including source feedback

Let
P = |ϕ⟩⟨ϕ| ⊗ I, Q = I − P, Ψ = ϕp+ q, q = QΨ.

The projection P does not reduce H. The odd profile has PdRP = 0, so the exact equations are

iq̇ = Aq + Lp, A = QHQ, Lp = gfR ⊗ Y p, (10.5)
iṗ = (Hs − 1

2)p+ gY ⟨ϕ, dRq⟩r. (10.6)

The subscript on the last inner product means integration in the electron coordinate only. The
actual vector p(Y, t) retains its source phase and every finite internal coefficient. It is not prescribed
as a free source waveform.

On Q put

A0 = Q(h+Hs)Q, K0 = A0 + 1, K = A+ 1, Tph = I + 1
2p

2
r +Hs. (10.7)

Here A0 is the self-adjoint restriction of h + Hs to QH. The spectral projection Q preserves
the common operator and form domains. More precisely, A denotes the self-adjoint operator
A0 + gY QdRQ on D(A0): the electronic factor QdRQ is bounded and commutes with the source
coordinate, so the same infinitesimal relative-bound argument used in Lemma 10.1 applies. Thus
QHQ denotes this proved realization, rather than an assumed self-adjoint compression.

Since the complete excited electronic floor is −1/8,

K0 ≥ 7/8 +Hs, K0 ≥ p2
r/4 +Hs, Tph ≤ (22/7)K0. (10.8)

For the last inequality take 4/11 of the first lower bound and 7/11 of the second, then multiply
by 22/7. This gives the exact coefficients 1 and 1/2 of the identity and electron kinetic terms; the
source coefficient is larger than required.

The unbounded source interaction has the bounded form sandwich

∥K−1/2
0 gY QdRQK

−1/2
0 ∥ ≤ θ := |g|d0

√︄
2

Ω(7/8) . (10.9)

Indeed use ∥u∥ ≤ (7/8)−1/2∥K1/2
0 u∥ on one factor, and ∥Y v∥ ≤

√︁
2/Ω∥K1/2

0 v∥ on the other. This
bounds the full sesquilinear form and hence its operator. If θ < 1, then

(1 − θ)K0 ≤ K ≤ (1 + θ)K0. (10.10)

All these inequalities are physical form inequalities on the complete Q space. They neither truncate
the oscillator nor delete QY dRQ.

10.2 The spectral supremum and its correction

For ζ = E + iη, η > 0, the spectral theorem gives

Jspec(E, η) := ∥K1/2
0 (A0 − ζ)−1K

1/2
0 ∥ = sup

a∈σ(A0)

a+ 1
|a− ζ|

≤ J(E, η) := sup
a≥−1/8+Ω/2

a+ 1
|a− ζ|

. (10.11)

The inequality can be strict. The half-line in the last expression contains spectral gaps and cannot
generally replace σ(A0) in an equality.
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Example 10.2 (A strict gap in the half-line bound). Take Ω = .01, E = −.117, η = .0001. The
lowest spectral points of A0 are −.120 and −.110; the n ≥ 3 electronic ladders begin above −.051,
and the continuum begins at .005. At a = E, the half-line expression is 8830. On the actual
spectrum the maximum is

Jspec = .88√
.0032 + .00012

< 294.

Indeed the first point gives a value above 280, while for every other spectral point a ≥ −.110 the
quotient is at most .89/.007 < 128. Thus the half-line equality fails by a large factor even for this
concrete parent.

Theorem 10.3 (An earned low-window inverse for the actual block). If Jθ < 1, then

∥K1/2
0 (A− ζ)−1LH−1/2

s ∥ ≤ |g|
1 − Jθ

{︄
2
Ω sup

s≥Ω/2

∫︂
e+ s+ 1

|e+ s− ζ|2
µfR

(de)
}︄1/2

. (10.12)

For the static row

Ω = 1/100, |g| ≤ 10−6, R = 40, d0 ≤ 41, E ≤ −.47, η > 0, (10.13)

the complete physical sandwich satisfies

∥T 1/2
ph (A− E − iη)−1LH−1/2

s ∥2 < 4.035635 · 10−9 < 4.05 · 10−9. (10.14)

Proof. Let V0 = K
−1/2
0 gY QdRQK

−1/2
0 and B0 = K

1/2
0 (A0 − ζ)−1K

1/2
0 . The bounded form pencil

of A− ζ has inverse
K

1/2
0 (A− ζ)−1K

1/2
0 = (I +B0V0)−1B0.

The order is fixed: the pencil is B−1
0 +V0 = B−1

0 (I+B0V0). The Neumann bound is ∥(I+B0V0)−1∥ ≤
(1 − Jθ)−1. This is the concrete form-inverse construction of Theorem 5.1; no Hilbert-norm
boundedness of Y QdRQ has been assumed.

In the baseline squared norm, integrate out only the electron spectral measure. The remaining
positive source operator is

H−1/2
s Y F (Hs)Y H−1/2

s , F (s) =
∫︂

e+ s+ 1
|e+ s− ζ|2

µfR
(de).

Bound F by its supremum, then use ∥Y H−1/2
s ∥ ≤

√︁
2/Ω. This proves (10.12). Moving Y through

F (Hs) or through the resolvent would not prove that estimate.
For (10.13), θ < .00062 and J ≤ 88/35. To see the latter, first lower every denominator to

a+ .47 and use a ≥ −.12; the resulting (a+ 1)/(a+ .47) decreases and has value 88/35 at the floor.
Thus the correction in (10.11) leaves the low-window bound unchanged.

The source supremum also needs its own argument. First dominate the integral kernel at
the fixed endpoint E = −.47, η = 0, since e + s ≥ −.12. At this endpoint the derivative of
(e+ s+ 1)/(e+ s+ .47)2 with respect to s has sign −(e+ s+ 1.53) < 0. It is consequently enough to
use s = 1/200. This monotonicity was not asserted for every negative E before making the endpoint
domination.

For the uncut forcing, isolate the exact 2p mass w2 = 32768/59049. All remaining spectral
mass lies at e ≥ −1/18, and the same endpoint kernel is decreasing in e. Its complete bound-plus-
continuum integral is therefore

Ff (1/200) ≤ w2
352
49 + (1 − w2)123048

22801 < 6.4. (10.15)
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This analytic ceiling requires neither a continuum quadrature nor a truncation of the Rydberg series.
The compact forcing changes the baseline weighted inverse norm, before multiplication by |g|,

by at most

J ϵR

√︄
2

Ω(7/8) .

This follows by inserting K−1/2
0 and applying its lower form floor to fR − f and the ordered source

factor. Use (10.8), ϵR < 6 · 10−15,
√

1280 < 35.778 and
√︁

1600/7 < 16. The resulting entirely
rational upper bound is

22
7 10−12

[︁
35.778 + (88/35)(6 · 10−15)16

]︁2
[1 − (88/35)(.00062)]2 < 4.035635 · 10−9.

This proves (10.14), retaining the actual excited-block feedback in the inverse.

The result is a uniform frequency-window statement with source weight H1/2
s . It does not say

that the actual time-dependent input p has Fourier support in this window. Such a use requires
the temporal band and complementary-frequency terms of the window theorem. We next give a
different all-frequency bound with the stronger, explicitly earned source weight Hs.

11 Actual source graphs and finite-time complete currents
Write m0 = ∥fR∥2 and m1 = ∥(h + 1)1/2fR∥2. The form tail gives m0 ≤ 1 and, at R = 40,
m1 < (1 + 4 · 10−14)2 < 1 + 10−12. The source ladder operators give the ordered bounds

∥Y H−1
s ∥ ≤ 4

√
2

3Ω , ∥H1/2
s Y H−1

s ∥ ≤
√

3 + 1/
√

2√
Ω

. (11.1)

Indeed Hs = Ω(N + 1/2) and Y = (a+ a†)/
√

2. The downward and upward coefficients of aH−1
s

and a†H−1
s are bounded by 2/(3Ω) and 2/Ω, respectively. For the weighted versions, their squared

ratios are
n(n− 1/2)
Ω(n+ 1/2)2 ≤ 1

Ω ,
(n+ 1)(n+ 3/2)

Ω(n+ 1/2)2 ≤ 6
Ω .

The first inequality is direct and the second ratio decreases from its value 6 at n = 0. Their sum in Y
proves (11.1). These are full-source operator bounds, not a bound on a selected actual occupation.

Consequently

∥K1/2
0 (fR ⊗ Y )H−1

s ∥2 ≤ C2
Ω := 32m1

9Ω2 + (
√

3 + 1/
√

2)2m0
Ω . (11.2)

The two terms follow by splitting K0 = (h+ 1) +Hs on the forcing vector, with the ordering in
(11.1) preserved.

Proposition 11.1 (All-frequency response with a physical source graph). For θ < 1 and every
E ∈ R, η > 0,

∥T 1/2
ph (A− E − iη)−1LH−1

s ∥2 ≤ 22
7

1 + θ

1 − θ

g2C2
Ω

η2 . (11.3)

For the actual input p of (10.6), with q(0) = 0, let qT agree with its forced Q equation on [0, T ] and
then evolve homogeneously with A. If Hsp ∈ L2(0, T ), then∫︂ ∞

0
e−2ηt∥T 1/2

ph qT (t)∥2dt ≤ 22
7

1 + θ

1 − θ

g2C2
Ω

η2

∫︂ T

0
e−2ηs∥Hsp(s)∥2ds. (11.4)
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Also, whenever Hsp ∈ L1(0, t),

Q(t) := ∥T 1/2
ph q(t)∥ ≤ |g|

√︄
22
7

1 + θ

1 − θ
CΩ

∫︂ t

0
∥Hsp(s)∥ ds. (11.5)

Proof. By (10.8) and (10.10), Tph ≤ 22K/[7(1 − θ)]. The form K = A+ 1 commutes with the actual
A resolvent, whose unweighted norm is at most 1/η. Its input satisfies ∥K1/2LH−1

s ∥ ≤
√

1 + θ|g|CΩ.
Their ordered product proves (11.3). The finite lower bound on K is positive; rescaling by that
bound gives the equivalent unit-coercive form convention if needed. No commutation of Tph with A
is used.

Extend 1[0,T ]Hsp by zero. The causal exponentially damped Fourier transform of the Duhamel
equation is the resolvent multiplier applied to this complete source vector. Plancherel with (11.3)
proves (11.4), as in Theorem 6.1. There is no derivative of the time cutoff in this argument
and no frequency-band assumption. Finally Duhamel in the stationary positive K form and
∥K1/2e−itAv∥ = ∥K1/2v∥ give (11.5).

The 1/η2 cost includes all actual bound poles and continuum. It cannot be discarded because
the fixed-reference continuum-only calculation happened to be η independent. The source weights
in (10.12) and (11.3) are also different.

Proposition 11.2 (Source graphs for the actual feedback evolution). Let the normalized entrance
be Ψ(0) = ϕ⊗ |1⟩ ⊗ ζ, with any normalized passive finite internal vector ζ. Under the actual static
parent (10.1), put a = |g|d0. Then

H1(t) := ∥H1/2
s Ψ(t)∥ ≤

√︂
3Ω/2 + a

√︂
Ω/2 t, (11.6)

∥HsΨ(t)∥ ≤ Ω{3/2 +
√

3 at+ a2t2/2}, (11.7)
e(t) := ∥q(t)∥ ≤ |g|{

√
3 t+ at2/2}. (11.8)

Since P commutes with Hs, the first two bounds also control the corresponding graphs of the actual
p.

Proof. The commutator is [Hs, H] = −igΩdRpY , with pY = −i∂Y . The expectation identity and
∥pY Ψ∥ ≤

√︁
2/Ω∥H1/2

s Ψ∥ give ⃓⃓⃓⃓
d

dt
H2

1

⃓⃓⃓⃓
≤ a

√
2ΩH1.

Regularizing the square root if necessary and integrating gives (11.6). The norm derivative for HsΨ
obeys

d

dt
∥HsΨ∥ ≤ ∥[Hs, H]Ψ∥ ≤ a

√
2ΩH1(t).

Its initial norm is 3Ω/2; integrating the preceding linear bound gives (11.7).
These computations can be justified without assuming the future source stays Gaussian. Let PN

project onto source occupations 0, . . . , N − 1, and use the full-space operators

HN = h+Hs + gdRPNY PN .

They are self-adjoint on D(h) ∩D(Hs) with uniform infinitesimal relative bounds and the coercivity
(10.2). For every vector in this common domain, HNu → Hu, because PN commutes with Hs and
converges in its form norm. The resolvent identity, with the uniformly bounded nonreal resolvents
on its left, gives strong resolvent convergence; the associated unitary groups converge strongly on
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compact time intervals. For N ≥ 2 the entrance lies in PN H and remains there, so both source
graphs are bounded operators on that invariant subspace. The commutator is −igΩdRPNpY PN and
obeys the same uniform estimates as above. Hence the displayed graph bounds hold for e−itHN Ψ(0).
At each time, strong wave convergence and weak lower semicontinuity of the closed graphs of H1/2

s

and Hs pass these bounds to the actual wave. No finite source truncation remains in the result.
Lastly, from the exact equation for q and its zero entrance,

∥q(t)∥ ≤ |g|∥fR∥
∫︂ t

0
∥Y p(s)∥ ds ≤ |g|

√︂
2/Ω

∫︂ t

0
H1(s) ds.

Here ∥fR∥ ≤ 1 and P commutes with Hs. This is (11.8). The feedback term in (10.6) has not been
set to zero anywhere.

11.1 All coherent terms in the original physical currents

The nominated current constitution is the nonrelativistic canonical one:

jr[Ψ] = Im Ψ†∇rΨ, jY [Ψ] = Ω Im Ψ†∂Y Ψ.

Define differences relative to the actual P wave,

δρ = |Ψ|2 − |ϕp|2, δj = j[Ψ] − j[ϕp].

The vector ϕp is generally unnormalized and does not solve an autonomous closed evolution. It is a
wave comparison, not a separately assigned physical flow. To make its continuity defect explicit, set
F = gY ⟨ϕ, dRq⟩r and M(t) = ∥p(t)∥2. The feedback equation gives, in distributions,

∂t|ϕp|2 + div j[ϕp] = sP := 2|ϕ|2 Im(p†F), M = 1 − ∥q∥2, M ′ =
∫︂
sP . (11.9)

The products are integrable under the earned source graphs: for example ∥F∥ ≤ |g|d0∥Y q∥. Even
if M > 0 and the comparison is normalized, writing ρP = |ϕp|2, its density ρP /M and current
j[ϕp]/M have source sP /M − M ′ρP /M

2. Normalization therefore does not create conservative
equivariance. The estimates below retain the original unnormalized comparison and need neither a
second flow nor a continuity-defect allowance.

Lemma 11.3 (Full electron and source current differences). With dr = ∥∇rq∥ and dY = ∥∂Y q∥,

∥δρ∥1 ≤ 2e+ e2, (11.10)
∥δjr∥1 ≤ dr + e+ edr, (11.11)

∥δjY ∥1 ≤ Ω{(1 + e)dY + e
√︂

2/ΩH1(t)}, (11.12)

where dr ≤
√

2Q(t) and dY ≤
√︁

2/ΩQ(t).

Proof. For any derivative D, expand before estimating:

jD[ϕp+ q] − jD[ϕp] = cD Im{(ϕp)†Dq + q†D(ϕp) + q†Dq}.

Thus every interference term and the quadratic error current remain. Cauchy–Schwarz, ∥p∥ ≤ 1
and ∥∇ϕ∥ = 1 give the electron estimate. For the source, ∥∂Y p∥ ≤

√︁
2/ΩH1 because P commutes

with the source kinetic form. Multiplication by cY = Ω gives (11.12). The density expansion gives
(11.10). Finally the electron and source kinetic terms are included with their stated coefficients in
Tph, giving the two derivative bounds. Spectral orthogonality of P and Q has not been used to
discard a pointwise cross term.
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Corollary 11.4 (An explicit finite-time current bound). For the same static parent with Ω = .01,
g = 10−6, R = 40, d0 ≤ 41 and the entrance of Proposition 11.2,

Q(100) < .00051, e(100) < .000176, (11.13)∫︂ 100

0
∥δjr(t)∥1dt < .045033131 < .046, (11.14)∫︂ 100

0
∥δjY (t)∥1dt < .003970830 < .004. (11.15)

Proof. Equations (10.4), (10.9) and (11.2) give the rational enclosure

22
7

1 + .00062
1 − .00062

{︄
32(1 + 10−12)

9(.01)2 + 25
4(.01)

}︄
< 3382.

Here (
√

3 + 1/
√

2)2 = 7/2 +
√

6 < 25/4. Let a = 41 · 10−6. Equations (11.5)–(11.8) consequently
admit the polynomial upper bounds

Q(t) = 338 · 10−8{(3/2)t+ (7/8)at2 + a2t3/6},
e(t) = 10−6{(7/4)t+ at2/2},

H1(t) = .123 + .071at.

All roundings are outward:
√

3 < 7/4,
√
.015 < .123 and

√
.005 < .071. Substitute dr ≤ (10/7)Q

and dY ≤ 15Q, using
√

2 < 10/7,
√

200 < 15. The two current integrands are bounded by

10
7 Q+ e+ 10

7 eQ, .01{15(1 + e)Q+ 15eH1}.

These are explicit nonnegative rational polynomials. Exact integration on [0, 100] gives respectively
0.045033130836 . . . and 0.003970829749 . . .. Direct evaluation of the same polynomials gives (11.13).
The exact integrals are

113483489708747242649
2520000000000000000000 ,

95299913979542242649
24000000000000000000000 ,

so integer comparison verifies both printed outward ceilings. No continuum quadrature enters this
bound.

The electron integral has units of relative-coordinate length, and the source integral of source-
coordinate length in the chosen dimensionless Y convention. They bound j[Ψ] − j[ϕp], not the
entire absolute currents. They are not event probabilities. A detector or tube claim requires
a corresponding surface/guard and an original-law transport interface with its own constants.
Comparing to a freely propagated intended source instead of the actual p would additionally require
the feedback phase and current cost of p− pfree.

The compact scalar and oscillator constitute a definite mathematical example with actual source
feedback, full Coulomb poles and continuum, and complete canonical currents. A finite-mass
source/COM reduction, source field energy, retardation, loading, clock and a microscopic Pauli or
Dirac current identification remain separate physical questions. None is inferred from the exact
Coulomb calibration or from the small forcing tail.

32



11.2 Flow and companion-paper interfaces

For the entrance of Proposition 11.2, the actual parent (10.1) is the constant-g case of the Full
Coulomb–source flow theorem in the revised companion paper [3]. The reduced-mass units, the
smooth compact dipole and its full collar, the first excited source entrance, the passive internal
factor, and both canonical currents agree. Constant g satisfies that theorem’s bounded absolutely
continuous control hypothesis on every finite horizon, including [0, 100]. Its common first-domain,
tangent-regularity and logarithmic-current arguments consequently supply a deterministic reference-
compatible flow for this actual wave, with reference-almost-sure collision and node avoidance. An
original joint law absolutely continuous with respect to the entrance wave density is transported by
reweighting those same paths once. A quantitative domination factor for (2.7) is a further premise,
not a consequence of absolute continuity.

The current bounds above do not apply that flow theorem to ϕp. Conservative two-flow stability
in the revised P3 requires two admitted conservative flows, a common positive tube, and a bound
for the probability of leaving it. Its separate signed-source appendix requires a normalized reference,
classical local regularity, and finite source and divergence costs. Neither conclusion follows by
analogy from (11.9). No variable-coefficient spin-curl current is used here; adding one would require
its own derivative regularity and current estimates.

The Gaussian preparation and instrument results of P1 [1] and the finite repeated-record protocol
of P2 [2] concern their own effective parents, complete entrance laws and decoders. The present
estimates establish neither those entrance premises nor fresh independence, renewed readiness, or
repeated unknown-input measurement. Conversely, wave reset or preparation of an actual law
does not supply a missing derivative, source graph or flow hypothesis for the present parent. Any
composition must verify the same complete configuration and every retained correlation on the
same time interval.

12 Significance and remaining scope
The results give explicit routes from a complete coherent forcing to a physical derivative form and
then to every admitted coordinate current. The inverse-lift argument handles a form-dual residual
through its temporal regularity. The window argument handles changing input directions without
discarding the operator response. The ordered resolvent formulas retain source interactions and
physical weights without a false commutation. The Coulomb example discharges these questions in
a definite electron–oscillator parent, including the source graph and the feedback-modified input.

The distinctions in the hypotheses are productive. They identify whether a calculation still needs
a residual derivative, a physical form floor, a spectral coefficient, endpoint dressing, a source moment,
or a common-domain propagation argument. They also expose specific invalid substitutions: a tiny
collision tail does not make a Coulomb residual differentiable in space; a source-only truncation
does not suppress propagated high-sector response; a reference invariant is not the physical current
metric; and a shifted spectral floor is not an actual spectral gap.

A physical record application must still supply its original wave and actual law, the complete
Hamiltonian/current constitution, an earned flow, a decoder and a whole retention interval. The
current estimates can then enter its guard or moving-surface argument with the relevant length
scales and original-law factor. No common apparatus joining all four portfolio papers has been
inferred. Finite material sources, microscopic current reductions, preparation warrant and attainable
control errors remain separate research questions.
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A Spatial forcing compression with all sources retained
A bounded relative-position region can have discrete free spatial modes even when the complete
source Hilbert space has continuous spectrum. The following construction truncates the spatial
forcing directions and leaves every source coefficient exact.

Theorem A.1 (Full-source inverse defect). Let H = L2(Ω; Z), where Z includes all source,
centre-of-mass and internal variables. Let a be a closed positive form with operator K and

a(v, v) ≥ ∥v∥2 + λ∥∇relv∥2 + the required hidden kinetic forms.

Choose a bounded open relative-position domain D ⊂ Ω, with free Dirichlet eigenvalues µj, and
project onto its first N spatial eigenfunctions tensored with IZ . In the full physical form domain let
WN consist of zero extensions of vectors in H1

0 (D; Z) whose coefficients in those N modes vanish.
This defines the zero Dirichlet condition without requiring a classical boundary trace. Let VN = W⊥a

N

and let KN be the restricted closed form operator on the Hilbert closure of VN . With its physical
inclusion JN , define

B = K−1, BN = JNK
−1
N J†

N , DN = B −BN .

Then DN ≥ 0, its range is in WN , and

∥DN ∥ ≤ δN , ∥K1/2DN ∥ ≤
√︁
δN , δN = (1 + λµN+1)−1. (A.1)

All exterior responses and Dirichlet form traces of Bh and BNh coincide. If D ⊂ [−a, a]3 and
N = n3, a sufficient bound is δN ≤ [1 + λπ2(n+ 1)2/(4a2)]−1.

Proof. The coercive gradient bound makes form convergence imply convergence in the relative H1

norm. The zero extensions of H1
0 (D; Z) form a closed subspace there; the spatial-mode coefficient

conditions are closed already in L2. Thus WN and its form orthogonal complement are closed.
Decompose the Riesz solution u = Bh into uN + wN . Testing its form equation in each orthogonal
subspace gives uN = BNh, wN = DNh and

a(DNh,DNh) = ⟨h,DNh⟩.

In particular DN is the positive inverse associated with the restricted high form, included into the
physical space. The vector spectral expansion in the free spatial basis gives ∥∇relw∥2 ≥ µN+1∥w∥2

on WN . Coercivity and Cauchy–Schwarz therefore yield ∥DNh∥ ≤ δN ∥h∥; substitution in the last
identity proves the form bound. Its support and zero Dirichlet trace give the exterior claim; equality
of conormal derivatives is not asserted. Dirichlet domain monotonicity compares D to the cube.
Any cube mode below π2(n+ 1)2/(4a2) has all three indices at most n, so there are at most n3 such
modes, proving the stated ceiling.
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If the high form is dense in the corresponding high Hilbert space, DN is its compressed-form
inverse, included by zero extension. Otherwise its Hilbert closure is used; the proof is unchanged. It
is generally not the unrestricted inverse followed by a high projection. For example, with K = ( 2 1

1 2 )
and W = span(0, 1), D = diag(0, 1/2), whereas K−1Q =

(︂
0 −1/3
0 2/3

)︂
is not even self-adjoint.

The decreasing high spaces have zero intersection by completeness of the free spatial expansion.
Their orthogonal projections in the form Hilbert space converge strongly to zero: nested projection
differences have squared norms equal to the differences of the squared projection norms, and the
limit lies in the intersection. Hence the retained spaces are form dense. One may enrich them by
any finite list of original form columns by intersecting the high space with their form orthogonal
complements. The defect decreases and (A.1) survives; an enriched f ∈ DomK satisfies BNKf = f .
No actual population has been substituted.

The construction supplies an inverse error and exact source retention, not a finite apparatus
simulation: each spatial coefficient remains in Z, and boundary response spaces can be infinite
dimensional. Any evolution or control estimate must still propagate the physical form under its own
hypotheses. Once that estimate supplies e,Q, Proposition 2.1 controls every admitted coordinate
current, including source currents.

B A small omitted source does not remove causal feedback
Proposition B.1 (Retained high response and endpoint dressing). For an admitted same-parent
block evolution, suppose

iu′
L = ALuL +B†uH + rL, iu′

H = DuH +BuL + rH .

Then, with the true high-block propagator UH ,

uH(t) = UH(t, 0)uH(0) − i

∫︂ t

0
UH(t, s)

(︁
B(s)uL(s) + rH(s)

)︁
ds.

Thus the low equation retains an entrance term, the high source, and the retarded feedback kernel
−iB(t)† ∫︁ t

0 UH(t, s)B(s)uL(s) ds. For a fixed D ≥ gI > 0 and absolutely continuous F = BuL + rH ,

uH(t) = e−itDuH(0) −D−1F (t) + e−itDD−1F (0) (B.1)

+D−1
∫︂ t

0
e−i(t−s)DF ′(s) ds.

The last three terms have D1/2 norm at most g−1/2(∥F (t)∥ + ∥F (0)∥ +
∫︁ t

0 ∥F ′∥).

Proof. The first formula is variation of constants in the true high block. Substitution into the low
equation gives the kernel and both other terms. Since ∂se

−i(t−s)D = iDe−i(t−s)D, integration by
parts gives (B.1); the spectral theorem bounds ∥D−1/2∥ ≤ g−1/2.

After removal of a constant real scalar frequency ω, the relevant inverse is (D − ω)−1 and the
temporal quantity is F ′ + iωF . A retained right clock must also be restored in that combination. An
angular kinetic gap in a frozen model does not by itself prove the required gap of a full radial/source
block.

The elementary two-level parent H =
(︁ 0 b

b ∆
)︁

already isolates the issue. With original state (1, 0)
and no forcing, the high population is

4b2

∆2 + 4b2 sin2
(︂

1
2 t
√︁

∆2 + 4b2
)︂
.
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This follows by subtracting ∆/2 times the identity and squaring the remaining traceless matrix. An
exactly zero high source therefore does not imply a zero high response. For a forced zero-entrance
solution with source (g0, 0) one instead has u′′

H(0) = −bg0, a separate causal counterexample.
In angular tensor applications a rank-two coupling connects both top bands l = L − 1, L to

omitted L+ 1, L+ 2 unless a genuine parity restriction has been established. A concrete molecular
application must identify its full tensor coupling, correlated entrance and local forcing bounds.
Small forcing bounds do not replace BuL, its propagated angular/source derivatives, or the original
entrance error in the formulas above. Coherent currents can respond at first order in a high
amplitude while its population is second order: the current conversion must retain the cross terms
even when the high population is small.
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